Charles University in Prague

Faculty of Mathematics and Physics

DOCTORAL THESIS

Eliska Zabranova

Numerical modeling of free oscillations
applied to superconducting-gravimeter
data in a low-frequency seismic range

Department of Geophysics

Supervisor of the doctoral thesis: Doc. RNDr. Ctirad Matyska, DrSc.
Study programme: Physics

Specialization: Geophysics

Prague 2015






First, I would like to thank my supervisor Doc. Ctirad Matyska for his inspiring
leadership, patience and courage to share with me the adventures in the field of
seismology. I am grateful to Dr. Ladislav Hanyk for his guidance in implementing
the matrix eigenvalue approach and invaluable help with finalizing this thesis. I am
very thankful to Dr. Frantisek Gallovi¢ and Prof. Jifi Zahradnik for long, inspiring
and fruitful discussions, Dr. Jakub Velimsky and Mgr. Lubica Valentova for their
help with technical stuff and broad support, and Dr. Ondiej Srdmek for English
corrections of this thesis. My thanks also belong to Dr. Vladimir Plicka, Dr. Vojtech
Pélinkas and Dr. Milo§ Valko who afforded me the seismic and gravimetric data
from the Geodetic Observatory Pecny, introduced me to the data processing and
thus helped me to advance my research from pure theoretical level.

My special thanks belong to all nice people at the Department of Geophysics
in Prague for the friendly atmosphere. I am grateful to the Research Institute of
Geodesy, Topography and Cartography for their support within the Center for Earth
Dynamic Research and, especially, its head Prof. Jan Kostelecky. I would like to
express my deepest gratitude to all that provided the gravimetric data through the
Global Geodynamic Project. The work was supported by the Grant Agency of the
Czech Republic under the project No. 14-04372S.

111



I declare that I carried out this doctoral thesis independently, and only with the
cited sources, literature and other professional sources.

I understand that my work relates to the rights and obligations under the Act
No. 121/2000 Coll., the Copyright Act, as amended, in particular the fact that the
Charles University in Prague has the right to conclude a license agreement on the use
of this work as a school work pursuant to Section 60 paragraph 1 of the Copyright
Act.

In Prague 18. 05. 2015 Eliska Zabranova

v



Nazev prace: Modelovani vlastnich kmitu Zemé pouzité na data ze supravodivych
gravimetru v nizkofrekvenéni seismické oblasti

Autor: Eliska Zabranova
Katedra: Katedra geofyziky
Vedouci disertacni prace: Doc. RNDr. Ctirad Matyska, DrSc.

Abstrakt: Deformace a zména gravitacniho potencidlu predpjatych selfgravitujicich
elastickych téles jsou popsany momentovou a Poissonovou rovnici a reologickym
vztahem. V pripadé sféricky symetrickych téles prevadime tyto parcialni diferen-
cialni rovnice a okrajové podminky pomoci sférické harmonické dekompozice na
obycejné diferencialni rovnice druhého fadu, pro jejichz diskretizaci pouzivame pseu-
dospektralni diferenéni schémata na sitich ¢ebySevovského typu. Dospivame tak
k soustavé maticovych uloh pro vlastni frekvence a vlastni funkce kmitu. Protoze
elastické parametry jsou frekvencéné zavislé, resime problém pro nékolik vychozich
frekvenci modelu a vysledky interpolujeme. Ziskané vlastni frekvence a vlastni
funkce porovnavame s vysledky programu Mineos, ktery je zalozen na ptimé nume-
rické integraci. Pomoci nasi metody pocitame nizkofrekvenéni syntetické akcelero-
gramy nedavnych velkych zemétieseni, které porovnavame s daty ze supravodivych
gravimetru. Z téchto zaznamu po zemétiesenich Maule 2010 a Tohoku 2011 uréujeme
faktory kvality nejdelsich radidlnich médu, které pouzijeme pro vymezeni velikosti
slozky M., momentového tenzoru. Mod ¢Sy poskytuje relativné uzky interval hodnot
M,.., zatimco méd 1.5, je vice citlivy na hloubku centroidu. V nésledné inverzi pak
spole¢né urcujeme faktory kvality nejdelsich sféroidalnich médu a t¥i nizkofrekvenéni
slozky momentového tenzoru, ktery pozorovany signal generuje. Abychom dosdhli
lepsiho rozliseni vlivu faktoru kvality a slozek momentového tenzoru, pouzivame
nejdiive nékolikadenni zaznamy a ziskané faktory kvality potom vyuzivame pii in-
verzi slozek momentového tenzoru z kratsich zaznamu. Vzajemny rozdil obou inverzi
je pritom mensi nez rozdily slozek momentovych tenzoru rutinné poskytovanych
riuznymi seismickymi agenturami.

Klicova slova: vlastni kmity, pseudospektralni diferencni schémata, data ze supra-
vodivych gravimetru, faktory kvality, inverze momentového tenzoru
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Abstract: Deformations and changes of the gravitational potential of prestressed
selfgravitating elastic bodies caused by free oscillations are described by means of
the momentum and Poisson equations and the constitutive relation. For spheri-
cally symmetric bodies we transform the equations and boundary conditions into
ordinary differential equations of the second order by the spherical harmonic de-
composition and further discretize the equations by highly accurate pseudospectral
difference schemes on Chebyshev grids. We thus receive a series of matrix eigenvalue
problems for eigenfrequencies and eigenfunctions of the free oscillations. Since elas-
tic parameters are frequency dependent, we solve the problem for several fiducial
frequencies and interpolate the results. Both the mode frequencies and the eigen-
functions are benchmarked against the output from the Mineos software package
based on Runge-Kutta integration techniques. Subsequently, we use our method
to calculate low-frequency synthetic accelerograms of the recent megathrust events
and compare them with the observed superconducting-gravimeter (SG) data. We
estimate the quality factors of the longest radial modes directly from the SG records
of the 2010 Maule and 2011 Tohoku earthquakes and then constrain the M,, com-
ponent of the centroid moment tensors. The ¢Sp-mode amplitude enables one to
obtain a relatively narrow interval of M,, values, whereas the {Sy-mode amplitude
is more sensitive to the centroid depth. We also invert the SG data to jointly de-
termine quality factors of the gravest spheroidal modes and the three low-frequency
centroid-moment-tensor (CMT) components that generate the observed signal. We
employ several-day records to better resolve both the quality factors and the CMT
components and, with the already inverted quality factors and substantially shorter
records, we obtain new estimates of the CMT components. The differences in CMT
components calculated from the long and short records are smaller than those rou-
tinely produced by different seismic agencies.
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Introduction

Normal modes or free oscillations are components of standing waves with an infinite
number of degrees of freedom that are created from the constructive interference
of body and surface waves circling the Earth multiple times. For the commonly
used spherically symmetric, non-rotating, perfectly elastic and isotropic (SNREI)
Earth model the oscillations are composed of two distinct types of modes. The
spheroidal modes ,,S; correspond to standing Rayleigh waves and change the external
shape and internal density of the body, and the toroidal modes ,,7; correspond to
standing Love waves with purely tangential displacements and leave the shape and
the radial density distribution unaffected. The modes are labelled by the angular
degree | = 0,...,00 of spherical harmonic decomposition and the prefix overtone
number n = 0, ..., 00 since there is an infinite number of spheroidal and toroidal
modes with angular frequencies ,w} and ,w; for a given value of [. In the case of
a SNREI model, each of the ,,S; and ,, 7, modes represents a multiplet containing
2 + 1 oscillations of the same frequency. This 2] 4+ 1 degeneracy is a mathematical
consequence of the model spherical symmetry. When a slightly anelastic model
is considered, each multiplet is attenuated with time; the exponential decrease of
modal amplitudes is described by quality factors.

Free oscillations provide information about both the internal structure of the
Earth and the mechanism of a source event (earthquake, impact etc.) since the pe-
riods of the modes are given by model parameters and the amplitudes depend on the
source event. Gilbert and Dziewonski (1975) employed 1064 measured eigenfrequen-
cies of normal modes and mass and moment of inertia to derive two models of Earth
parameters, 1066A and 1066B. Afterwards, the periods of about one thousand nor-
mal modes and about one hundred normal-mode quality-factor values were used in
addition to travel time observations in constructing the Preliminary Reference Earth
Model (Dziewonski and Anderson, 1981) that still represents the fundamental spher-
ically symmetric seismic model of the Earth. The study of free oscillations brought
the ultimate evidence of the inner-core being solid (Dziewonski and Gilbert, 1971)
and anisotropic (Woodhouse et al., 1986; Tromp, 1993; Romanowicz and Bréger,
2000), and contributed to our appreciation of the large-scale lateral variations of
the Earth structure (e.g., Jobert et al., 1978; Masters et al., 1982; Romanowicz and
Roult, 1986).

The diversity of normal-mode periods enables us to study the Earth parameters
in broad frequency and spatial ranges. The gravest modes with periods over 15 min-
utes are largely unaffected by local structures, so they provide information about the
distribution of seismic velocities, density and attenuation with depth, averaged over
the Earth, while the shorter modes bring information about lateral heterogeneities
and anisotropy.



Free oscillations also become important in constraining the seismic-source prop-
erties of very large earthquakes where the frequency content of the source processes
shifts to lower frequencies and determination of seismic moment using high-frequency
data becomes problematic. The 2004 Sumatra-Andaman earthquake is a recent ex-
ample where the standard seismological routines based on the body and surface
waves (with periods of several hundred seconds) undervalued the energy released
during the rupture process. On the basis of the free-oscillations analysis Park et
al. (2005) showed that the seismic scalar moment M, was at least 1.5 times higher
than the value inferred from the Global Centroid Moment Tensor (GCMT) solution
based on routine procedures.

The normal modes were for the first time observed without any doubt in the
seismic records following the 1960 Chilean earthquake with moment magnitude of
9.5. However, the idea of normal modes was not new as the theoretical description
of this phenomenon appeared more than a century ago. The normal modes of a self-
gravitating homogeneous solid sphere were discussed for example by Love (1911),
who included a historical perspectives:

The theory of the free vibrations of a homogeneous isotropic elastic solid
sphere was studied very completely by H. Lamb in 1882. At that time
very little was known about the propagation of seismic waves, but, as
observations concerning these were accumulated, it became increasingly
desirable to discover the modifications that should be made in the theory
in order to take into account the effects that might be due to the mutual
gravitation of the parts of the sphere and those that might be due to the
compressibility of its substance. The effects due to mutual gravitation
were first investigated by T. J. I’A. Bromwich, but his investigation was
incomplete in the sense that he took the material to be incompressible.
Apart from their importance in connexion with the propagation of earth-
quake shocks, the free vibrations of the earth, considered as a deformable
body, have a bearing on the theory of earth tides.

Pekeris and Jarosch (1958) obtained the equations that are still used today. The
complete theory for the Earth with arbitrary parameters and with an initial static
stress field was published by Dahlen (1972), who derived linearized equations of
motion and linearized boundary and continuity conditions governing small elastic-
gravitational disturbances away from an equilibrium state of an arbitrary, uniformly
rotating, self-gravitating, perfectly elastic Earth model with an arbitrary initial
static stress field.

The traditional approach of computing eigenfrequencies and eigenfunctions of
the SNREI model is based on the Runge-Kutta numerical integration of six (two)
ordinary differential equations of the first order in the case of spheroidal (toroidal)
oscillations. A computer program to solve these equations was written by J. F.
Gilbert around the year 1966. Two successive programs arose from Gilbert’s code:
John Woodhouse’s Obani and Guy Masters” Mineos. In order to compare our results,
we use the Mineos software package available online at |http://geodynamics.org/cig/
software/mineos/.

Instead of the Runge-Kutta numerical integration, we have developed a differ-
ent approach where the direct numerical discretization of the ordinary differential
equations by high-accuracy pseudospectral schemes (Fornberg, 1996) leads to a se-
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ries of matrix eigenvalue problems for evaluating eigenfrequencies and eigenfunctions
(Zébranova et al., 2009). Our method is a modification of Hanyk et al. (2002) where
similar ordinary differential equations are solved for postglacial rebound. Note that,
according to their statement, our approach was adopted by the geodetic group from
the Institute of Seismological Research, Department of Science & Technology Gov-
ernment of Gujarat (Annual report 2011-12, pp. 89-90).

Development of the new numerical method for normal-mode calculations repre-
sents only one part of this thesis. The other part is devoted to data analysis of the
gravest normal modes. In the 1970s the worldwide network of the LaCoste-Romberg
gravimeters (International Deployment of Accelerometers, IDA) was launched to
monitor very-long-period phenomena (Agnew et al., 1976), especially Earth tides
and free oscillations. This network was subsequently enriched by long-period seis-
mometers (> 60s) with better parameters than spring gravimeters. Analyses of the
IDA data allowed seismologists to study source effects and Earth structure at long
periods, led to better models of anelasticity of the Earth and brought information
about mode splitting (Buland et al., 1979; Agnew et al., 1986). Successively the
network of superconducting gravimeters (SG) was created to observe seismic nor-
mal modes, the Slichter triplet, tidal gravity, ocean tidal loading, core nutations and
core modes within the framework of the Global Geodynamics Project (GGP), an
international program of observations of temporal variations in the Earth gravity
field (Crossley et al., 1999).

While older studies have shown that the SGs were not as good as the STS-1
seismometers in the seismic band (Freybourger et al., 1997; Van Camp, 1999), the
new generation of SG instruments achieved lower noise levels than any other sensor
at frequencies below 0.8 mHz (Widmer-Schnidrig, 2003). Nevertheless, the longest
Slichter oscillations with periods about five hours, first highlighted by Slichter (1961),
have not yet been discovered with certainty in the records, in spite of the fact that
the SG precision is lower than 1 nGal. The SGs are thus the most suitable instru-
ments to detect small signals expected for the Slichter triplet 1.5; (Hinderer et al.,
1995; Rosat et al., 2003; Rosat et al., 2004). Since the 1.5; period directly relates to
the density jump at the inner-core boundary, the hunt for convincing proofs of the
existence of this fundamental mode still continues (e.g., Smylie, 1992; Smylie et al.,
1992; Ding and Shen, 2013a), as do debates about its excitation (e.g., Rosat, 2007;
Rosat and Rogister, 2012), computation of the periods (e.g., Rogister, 2003; Grin-
feld and Wisdom, 2010), influence of viscosity in the outer core (e.g., Smylie and
McMillan, 2000; Rieutord, 2002) and other topics (e.g., Crossley, 1992; Rochester
and Peng, 1993).

Nevertheless, observations of fundamental low-frequency modes other than the
Slichter triplet are of excellent quality and new SG data enable us to solve a variety
of other problems. In this thesis we chose the SG records of the 2010 Maule, 2011
Tohoku and 2012 Sumatra earthquakes in the frequency range below 1 mHz. Since
source durations of these earthquakes are shorter than 200 s and the characteris-
tic rupture lengths are smaller than 500 km, we can securely use the point-source
approximation in this frequency range.

As we know from the normal-mode perturbation theory (e.g., Backus and Gilbert,
1961; Dahlen, 1968; Dziewonski and Sailor, 1976; Woodhouse and Dahlen, 1978),
the free oscillations of the Earth are split by rotation, ellipticity and lateral het-
erogeneity. In applications to source-mechanism problems we follow the study by



Dahlen and Sailor (1979). Splitting of the low-frequency modes is almost insensible
to the 3-D structure of the Earth (e.g., He and Tromp, 1996). The new observations
of the gravest spheroidal modes by SGs can thus be modelled straightforwardly by
taking into account multiplet splitting due to only rotation and ellipticity. These
observations yield constraints that can be used to obtain low-frequency limits of the
source mechanism together with new estimates of the quality factors of these modes,
which we discuss in detail in the second part of this thesis. We also focused on the
radial modes ¢Sy and 1.5p. Since they are not degenerated, their quality factors can
be directly determined from records and the moment tensor inversion can be per-
formed separately. Our results have already been cited by Mitsui and Heki (2012),
Ding and Shen (2013b) and Bogiatzis and Ishii (2014).

Part I provides theoretical background for normal-mode computations and SG
data processing of three megathrust earthquakes from the last decade. In Chap-
ter 1 we introduce the matrix eigenvalue approach that enables us to calculate the
normal-mode frequencies and eigenfunctions. The adopted formulas that describe
the response of an (an)elastic, (a)spherical and (non)rotating Earth to seismic events
are listed in Chapter 2. In Chapter 3 we present the SG data processing, specify the
three studied events and use the SG data to constrain the low-frequency moment
tensors and quality factors.

Part IT consists of the three articles (Zdbranova et al., 2012a; Zabranové et al.,
2012b; Zabranova and Matyska, 2014) published in international scientific journals
(these articles contain their separate reference lists). In Chapter 4 we deal with
the seismic and gravity records from the Geodetic Observatory Pecny after the
2011 Tohoku earthquake and compare them with the synthetic records for several
point- and finite-source agency solutions. Chapter 5 is devoted to the radial modes
generated by the 2010 Maule and 2011 Tohoku earthquakes. We found the quality
factors of the three longest radial modes using the GGP data and subsequently
constrained the moment tensors of both earthquakes. In Chapter 6 we introduce
the joint inversion of the quality factors of four fundamental spheroidal modes and
the moment-tensors components of the 2010 Maule and 2011 Tohoku earthquakes
again using GGP data.



Part 1

Computational methods and SG
data






Chapter 1

Matrix eigenvalue approach

1.1 Governing partial differential equations

In this section we formulate the partial differential equations (PDEs) and the bound-
ary conditions, which describe the response of a prestressed selfgravitating elastic
body to a seismic source or external gravitational force, i.e., the temporal behavior
of the displacement and the incremental gravitational potential in the entire body.
The reference unperturbed state of our model—the hydrostatic equilibrium—is de-
scribed by the momentum equation,

v"-I—O—i_.fozov (]‘1>

where 7 represents the Cauchy stress tensor, the forcing term satisfies fo = —po Vo
and pg is the reference density. The hydrostatic gravitational potential g satisfies
the Poisson equation,

Apy = 4G po, (1.2)

where GG is the Newton gravitational constant. The boundary conditions in the
reference state, required at the surface and all internal boundaries, are the continuity
of the normal traction, the gravitational potential and the normal component of its
gradient; moreover, the tangential traction vanishes at the free surface and liquid
boundaries.

The complete system of PDEs for the Lagrangian displacement w, the Eulerian
incremental gravitational potential ¢ and the incremental stress tensor T consists
of the momentum equation, the Poisson equation and the constitutive relation,

0*u
V-1 —poVo+ V- (pou)Vps —V(pVee-u) = Po g (1.3)
V- (Vo+4rGpyu) = 0, (1.4)
AVl +p [Vu+ (Vo) = 7,

where \ and p are the elastic Lamé parameters, the latter also referred to as the
shear modulus. This Lagrangian-Eulerian system of equations can be found in, e.g.,
Martinec (1984) or Dahlen and Tromp (1998).

Lagrangian boundary conditions have to be added to the PDEs f on
the surface of the model and on the internal boundaries. On a boundary of two solid
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layers (called ”solid boundary” from now on) the displacement and the incremental
traction are continuous,

[wt = o, (1.6)
[T'n]+ — 0’ (17)

where n is the unit vector normal to the boundaries. On a boundary of the solid
and liquid layers (called ”liquid boundary” from now on) the normal component of
both the displacement and incremental traction are continuous and the tangential
components of the traction vanish,

[u - n]J_r = 0,
[T -n-n]" = 0, .
T—(t-n)n = 0. (1.10)

Let us emphasize that the relation ([1.10) represents four independent equations
since it holds on each side of the boundary. On the free surface both the normal
and tangential components of the incremental traction vanish,

T-n = 0. (1.11)

As this is a Neumann boundary condition, we must also exclude total translation
and rotation of the body. The incremental gravitational potential tends to zero in
infinity,

o(r — o0) = 0. (1.12)

On all boundaries the Eulerian incremental potential is continuous, whereas the
normal component of its gradient can be discontinuous because the boundary un-
dulations are replaced by apparent surface mass densities,

[e]f = 0, (1.13)
Vo -n+4rGpou-n]" = 0. (1.14)

This way the geometry of the body remains unchanged during deformations also
in the description of the gravitational potential, which is treated by means of an
Eulerian formalism. The geometry of the domain, where the momentum equation
is solved, is fixed implicitly since a Lagrangian formalism is employed here.

1.2 Spherical harmonic decomposition

We consider spherically symmetric models in this chapter. In order to employ the
spherical symmetry, we use a formalism of spherical harmonic functions for indi-
vidual quantities. Let (e,, ey, e4) be the unit spherical vector basis with the radius
r, the colatitude ¥ € (0,7) and the longitude ¢ € (0,27). On the unit sphere
a quadratically integrable scalar function f(r,,¢) can be decomposed by means of
the complete orthonormal basis of scalar spherical harmonic functions Y}, (1, ¢),

(r,0,¢) = Z Z Fim ()Y (9, 8), (1.15)

=0 m=—1
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where [ is the angular degree, m the azimuthal order and f;,,(r) are coefficients of
the expansion. The scalar spherical harmonic functions are defined by the relation

Vi (9, 8) = (—1)" Ny " (cos )9, (1.16)
where N, are the norm factors according to Martinec (1984),
20+ 1)1l —m)!
Ny = 1.1
: J Ar(l 4 m)! (117)

and P"(cos1)) are the associated Legendre functions. Such a decomposition can be
applied directly to the scalar incremental gravitational potential (7). Similarly, we
can decompose the displacement vector to express the remaining unknowns,

u(r) = u.(r )er+u19( r)ey + ug(r)ey, (1.18)
uglr) = zwm TR 0,0) = Win(r) s b0, 0), (1.20)
wolr) = 2 Vinlr) .1ﬁagf;m<ﬁ,¢>+mm< )2y, ), (121)
p(r) = ZFzmr im (0, 0). (1.22)

This formalism agrees also with Hanyk (1999) and Hanyk et al. (2002), where the
problem of postgla(:lal rebound is studied. We introduce the vector spherical har-

monic functions Slm1 , S(l) = VaVY,, and Sz =e, X VoY,
S (W,0) = Yime,, (1.23)
o OYim L Vi 1.24
Slm( a¢) 90 eﬁ‘f'sinﬁ a¢e ( )
1 Y Y,
Sim (9, 6) Min g, . i (1.25)

“sino 96 T o €

Functions Sl( create the toroidal basis and Slml), S form the spheroidal basis.

The displacement vector w and traction T, can be ertten in the form
u(r) = 3 [Uin(r)S5" + Vin(r)S) + Win(r)Sip)] (1.26)
Ilm

€ T = Tr = Z { rrlm( )S( +Tr19,lm< )Slm +Tr¢>lm( )S(O)} . (127>

Im

Let us denote the derivative in the direction of the radial coordinate f' = df/dr.
After the substitution of (1.5]), (1.22]) and ([1.26)) into the momentum equation (|1.3])
we obtain

4

2N’y

4 N _
Wm + /I/T’I”T Im — 7T7’197lm S[(ml)
rp r

Ilm
gl N7 + (N = 2)p A 3 (1)
<Tr{19 Im ﬁUlm - r2 WM + %Trr,lm + ;Trﬁ,lm Slm
N -2 3
+ <T7f¢>,lm - szm + Tr¢> lm) 51(22], (1.28)
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4 N +1 .
f = Z pogo Ulm - Pogo Wm + uﬂm - IOOle Sl(ml)
r r r

lm

r

_ (pogo Uy + pOFlm) Sl(,ln)], (1.29)
T

where f = —poVo 4V - (pou) Voo — V(poVipg - ), 8= X +2u, v = p(3\ +2u) /5,
N =1(l+1), Vey = goe, (with go > 0) and the components of the traction T i,
Tr91m a Ty im and the auxiliary coefficients @), are given by

Tyt = B+ (Wi~ NVi), (1.30)
Toogm = W ( im T Uzm—Vm> ) (1.31)
Trpim = M (WZm - Mﬁ’”) , (1.32)
Qu = F,,+ l t 1Flm + 47 G poUpp.- (1.33)
By substituting (1.22]) and (1.26]) into the Poisson equation (1.4 we obtain
V- (Vo +4rGpou) = Z [Q;m + 47rG(l+r1)p0Ulm
Im
- 47TG]VrpOV2m - l_rlle Yium. (1.34)

We transform (1.3) into the Fourier spectral domain. In other words, we formally

replace % by iw and 88—;2 by —w?, where w is the angular frequency of an individual

free oscillation or tidal wave, to obtain —pow?u on the right-hand side of (1.3]). The
azimuthal order m does not play a role in the case of a spherical symmetric model
due to the 2/ + 1 degeneracy.

1.3 Ordinary differential equations

1.3.1 Toroidal oscillations

Toroidal free oscillations create neither volume variations (the radial component of
the displacement is equal to zero), nor changes of the gravitational field, i.e.,

V-u=0, u-e, =0 and ¢ =0. (1.35)

The toroidal displacement vector formulated by means of the vector spherical har-
monic functions is expressed in terms of the functions W = W, in ((1.26)) and the
equation (1.3)) assumes the form of an ordinary differential equation of the second
order (cf. Martinec, 1984 (4.37); Dahlen, 1998 (8.45)):
2 N w

uW" + (f + /Ll) w'— (TM - u') = —pow*W. (1.36)
The inner boundary conditions, requiring the continuity of the displacement and
the incremental traction, attain the form,

W = o,

(-2

r

[T6)" = = 0, (1.37)
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for the case of solid boundaries. Toroidal oscillations do not exist in liquid layers,
hence the same equation holds on liquid boundaries and at the free surface,

Ty = 1 (W’ - W) = 0. (1.38)

r

If the model does not contain a liquid layer, toroidal displacements exist in the
entire volume and vanish at the center of the model for all modes with [ > 1 (see
Appendix). We adopted the normalization of the free-oscillation eigenfunctions from
Dahlen and Tromp (1998) where the kinetic energy 7 is equal to one,

R
T = N/ poW22dr = 1, (1.39)
0

and R denotes the radius of the model.

1.3.2 Spheroidal oscillations

The spheroidal part of the displacement vector satisfies the equation,
(Vxu)- e =0. (1.40)

Spheroidal oscillations cause volume variations; as a consequence the incremental
gravitational potential ¢ is non-zero. Equations — rewritten with the terms
of (1.22) and ([1.26)) yield a set of three ordinary differential equations of the second
order for the unknowns U = Uy, V =V, and F = F,, (cf. Martinec, 1984
(4.54)—(4.56); Dahlen, 1998 (8.43)—(8.44), (8.53)),

26

BU" + (r + B’) U+ (4[);)90 — 4AnGpi — Zﬂ;’w + 2:/> U-— (1.41)
—(A+p) Nq}//+<>\+3u—ﬂogo—>\/>]\;v—,00p = —pow’l,

uv" + (2:L + u’) Vi— (f + u’) ]:VJF (1.42)

+/\j:MUI + <2f — pPogo + ,u/> g - %F = —pow’V,

2 N 2 N
F'"+ —F' — S F+4nGpy [U’ + ( + p0> U— v} = 0. (1.43)
r T T Po T

The conditions on the inner boundaries and free surface for the displacement, incre-
mental traction and incremental potential take the form

solid boundary [U)F =o,

W =o,

)\ +
L) = [BU' +2au- NV)] 0,
T = u@”—¥+g>i—Q
(M=o,
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[F' + 4xGpoU)T =0, (1.44)
liquid boundary U] =0,
A +
T,]" = [ﬂU' +2au- Nw] ~0,
Ty = (V=L +5) =0,
T r
[F' + 4xGpoU)" =0, (1.45)
A

free surface T, =pU + — (2U — NV) =0,
r

vV U
To=p(V'-2+-)=0,
r r

I+1
O=F+ tF+ 4rGipol = 0. (1.46)

The boundary conditions at the center of the model are (see Appendix),
U0)=V(0)=0, F(0)=0 for [>1, (1.47)
and
U'(0)=v'(0)=0, F(0)=0 for I =1. (1.48)

We again adopted the normalization from Dahlen and Tromp (1998) where the
kinetic energy 7 is equal to one,

R
T = /0 po(U + NV2)r2dr = 1, (1.49)

and R denotes the radius of the model.

1.3.3 Radial oscillations

If the angular degree of the spheroidal modes equals zero, [ = 0, the motion proceeds
only in the radial direction and the horizontal displacement vanishes. F' = Fyg
satisfies ((1.43)), that arrives at a special form,

2 2 p
F" + =F' + 4nGpy lU’ + ( + '00> U] =
r T po
AnG
r2

= i (7’2F'>/ +

r2

() = 0 (1.50)
and because the integration constant is clearly zero (Martinec, 1984),
F'+47GpoU = 0. (1.51)

By substitution of ((1.51)) into (1.41]) we obtain the ordinary differential equation of
the second order for the unknown U = Uy,
2 2
BU" + (5 + ﬂ’) U+ <4pogo - f

r

+ 2X> v_ —pow?U. (1.52)
T
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Since the horizontal components of the displacement vector are zero, both the solid
and liquid boundaries behave in the same way. The normal components of the
displacement and traction have the form,

all internal boundaries (U] =0,
+ — / 22 i
T.]" = |sU + 22Ul =o, (1.53)
T f—
o 2)
free surface T, =pU +—U=0, (1.54)
T
the center (see Appendix) U(0) = 0. (1.55)

In contrast to spheroidal oscillations with [ > 0, computation of displacement is not
coupled to computation of the incremental gravitational potential.

1.4 Elastic tides

The tidal deformation is caused by an external gravitational force. The incremental
gravitational potential ¢ can be expressed as a sum of the gravitational potential
g caused by the deformation and the tidal potential ¢,

o

o =ati =y (F'+ )Y, (1.56)
=0

where F{* and F} are the coefficients of expansions and Y; is abbreviation for any
Yim. The boundary condition ([1.14])) between the internal and external incremental
gravitational potential at the surface (r = R) reduces to

921" _ e (1.57)
—| = dr : :
or|_ po

Outside the body, the coefficients Fi* are proportional to 1/r*! (Jekeli, 1989) and
F} are proportional to ' (Agnew, 2007). The right-hand side of (1.56) can thus be
decomposed as follows,

[+1 l [+1 20+ 1
P}d,+ﬂt/: _L-Fjld—f—*ﬂt:_ + E+ _I_ -F}t, (158)
r r r r
that forms together with the left-hand side F/+47GpoU the condition on the surface,
[+1 2041
Q=F+ i F, + 47GpoU; = ;Ff. (1.59)
r

As usual (e.g., Wahr 1989), the [!"-degree contribution to w and ¢ on the surface
can be related to the [™-degree contribution ¢;; = F} Y] of the tidal potential ¢’ by
the definitions

h
uTyl (197 (b) = _;éwt,l<§7 ¢)7 (160)
__h9vn(d,9)
ug (0,0) = w09 (1.61)
_ L 9en(Y, 9)
ug (v, ¢) = “osnd 96 (1.62)
o1 = 0ai(V,0) + (0, 0) = (ki +1)p(, 9), (1.63)
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where gg is the surface acceleration. The dimensionless numbers h;, {; and k; are
called the tidal Love numbers. The tidal displacement vector is spheroidal, thus the
differential equations — and the boundary conditions — are
the same as for the spheroidal oscillations with the exception of the last relation in
(1.46) which must be replaced by ; wy is now the tidal frequency, which is the
same for all [, i.e. we set w; = w. For w = 0 we obtain static tides.

Carrying out the spherical decomposition of —, we arrive at the simple

expressions

U, Rg
\% Rg
F Rgo

The dimensionless factor —Rgy/F} can be used as a normalization constant for U,
V; and F;. The last boundary condition of ([1.46)), multiplied by this factor, can be
rewritten for the normalized unknowns into the final form,

e _
F + . F + 47GpoU; = — (21 4 1) go, (1.67)

that we use in numerical calculations of tides. We employ the normalized unknowns

Uy = —URgy/F} and V; = —V;Rgo/F}. Relations (1.64)—(1.66) and boundary con-
dition ([1.67)) are in accord with Fang (1998), where this normalization was implicitly
made.

1.5 Matrix representation

Our goal is to derive a matrix eigenvalue problem for the free oscillations and a set
of algebraic equations for the tides. First, we arrange the unknowns U = U,,,(r),
V =Vi(r), FF = F,(r) and W = W, (r) into the vector

y(r) = (U, V,E,W)". (1.68)

Then the equations ([1.36]), (1.41)—(1.43]) can be rewritten into the matrix form,

A(r)-y"+B(r)-y +C(r)-y = —w’D(r) - y, (1.69)

where the coefficient matrices A-D are

8300 0
o poo
ORI A (1.70)
000 p
27«6)\+ B/ (/\+7fA)N — o 0
+p 2p I
Aty +u 0 0
B(r) = T T 1.71
O P B A (1.71)
0 0 0 24y



2000 — AnGpp — B 4 20 (M pogo —N) BE 0 0
- G -GS e 0
C(T> - 47rG(2% +p/) —47ero¥ _Tﬂz 0 ; (172)
0 0 0 —(S+i)g

po 0 0 0
0 £o 0 0

D=1 10 0 0 o (1.73)
0 0 0 po

In order to discretize ((1.68)—(1.69) with a pseudospectral accuracy, we follow
the high-order pseudospectral approach described by, e.g., Fornberg (1996). The
discretization grid comes out from the local extrema of the Chebyshev polynomials

Ty—1(x) = cos[(M — 1) arccos x| (1.74)

on the interval (—1,1),

(i —1) .
.= _ =1,..., M. 1.
T COS(M—l)’ ) e (1.75)

The Chebyshev grid 7, =71 < ... < Ty = T'mae thus consists of the points

max — ! 'min  — 1
Tmaz = Tmin [COS <7T<Z>

TM—i+1 = Tmin + 5 M1

>+1], i=1,...,M.  (1.76)

The values of y and its derivatives at r; can be expressed using the weighted sum
of values y on the whole grid,

y(ri) = ;Oﬁjy(rj)a (1.77)
y'(r;) = Z:ﬁijy(rj)a (1.78)
y'(r;) = ;%‘jy(rj)- (1.79)

The elements of weight matrices «;;, 3;; and v;; can be evaluated by means of the
algorithm developed by Fornberg (1996). Note that here, where both r; and r; are
the grid points, the «;; elements are simply: o; = 1 and «;; = 0 for ¢ # j. With
the weight matrices the equation can be expressed in the form,

; [A(ri)vi + B(ri)Bi; + Clri)ayg] - y(r;) = —w? ;D(W)O@j -y(r;), (1.80)

i = 2,...,M—1.

It is necessary to explain the meaning of the product, e.g., Av;; in . The size
of the matrix A is 4 x 4, whereas ;; are elements of a matrix of the size M x M. By
multiplying each element of the matrix A by ~;; we obtain a (4M —8) x 4M matrix.
The equation (|1.80)) is solved in the internal grid points. The boundary conditions
have to be satisfied at the boundary points, r; and 7, as follows.
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As is summarized in Appendix, the boundary conditions in the center of the
model, 7,,;, = 0, satisfy

I>1: (UV,FW)"(0)=0,

I=1: (U, V' FW)" (0)=o0, (1.81)
and in the matrix form
F/oy +F* .y =0, (1.82)
where
1000 00 0O
e |01 00 P 0000
> F = ol =000l (1.83)
00 01 00 0O
0000 1 000
B W 0000 s o100
l=1: F*= 0010 , F’ = 000 0 (1.84)
00 01 00 0O
With the weight matrices the boundary conditions (1.81]) are
M
> [F75; + Fag] - y(r;) = 0. (1.85)
j=1
The free-surface boundary conditions (1.38) and (1.46) have the matrix form
(Trra Trﬁv Qa Trtp>T =A- y/ +E- Y= 0, (186)
where the coefficient matrix E is
Bom
E oo 00 1.87
=\ 4xGpy 0 w0 TEND (1.87)
0 0 0 -

and with the weight matrices it can be rewritten as
M
> [A(ra) Bagj + E(rar)an] - y(r;) = 0. (1.88)
j=1

In the case of tides, the vector ¢ = (0,0, —(2{ + 1)go, O)T appears on the right-
hand side of ((1.67); we will discuss this case separately.
For a one-layer model, the whole problem is described by the equations ([1.85),

(1.80) and (1.88) in the form of a generalized eigenvalue problem,
P.Y=-uR.Y, (1.89)

where the vector Y = (Uy ... Uy, Vi ... Vi, Fy oo Fp, WL WM)T has the size 4M
and the matrices P and R are 4M x 4M,

Fﬁﬁoj + Faaoj 0
P=| Av; +Bfj; + Cay; |, R=| Day |, (1.90)
AﬁMj + EOéMj 0
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where1=2,.... M —1land j=1,..., M.

The extension to K layers is quite simple. We start with the models composed of
solid layers only, models with liquid layers will be discussed later. We mark vector
Y as Y in the k™ layer, k = 1,..., K. On the solid boundary the continuity
conditions for the displacement, the gravitational potential, the traction and @) are

described by ([1.37) and ([1.44]). Using the expansions (|1.77)) and (1.78) we get

M (k) M (k+1)
Z To{, YO () = 3 Tafi Yy ® ) <o (1.91)
7j=1

and, for brevity with layer superscripts denoting only the unknown vectors,

M
Z [ABM] -+ EO(M :| Y(k 7’] Z {Aﬂlj + EO(U} Y(k—H)(Tj) = 0, (192)

Jj=1 Jj=1

where I is the 4 x 4 identity matrix. The components of the coefficient matrix f],

S U
0 0 0 —4

r

come out from the boundary conditions ([1.44)) and (|1.37). In fact, because of con-
tinuity of F' in , we can use E(r) instead of E(r).
We mtroduce the Vector Y composed from the unknowns Y*) in all layers,

Y= (Y0, y®, . yw) (1.94)

The total number of grid points, and the size of Y, is M = K M® . The matrix
equation ((1.89) generalized for K layers takes the form

P.Y=—wRY. (1.95)

The matrices P and R have the size 4M x 4M and are given explicitly in the next
sections. As the matrix P is regular and can be inverted, we arrive at the form of
the standard eigenvalue problem,

- o\ - 1 ~
1 o
(P'-R)-V = - (1.96)
The equations for toroidal and spheroidal motions are independent and we decouple
the both parts in what follows.

1.5.1 Toroidal oscillations

The unknown subvector y for toroidal modes contains only one toroidal component
of the displacement, y = (W)T Also, the submatrices Ar—F1 have one element
each, corresponding to the 4™ row and the 4"" column of the matrices A-F. If
the model contains liquid layers, where the toroidal oscillations do not exist, rfﬁﬁn
is the radius of the first liquid boundary from the surface towards the center and
the free-surface condition applies also on this boundary. If there is no liquid
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layer, a condition at the center following from ([1.85]) is required instead. The Mx M
matrix Pt for K layers and a model with liquid layers takes the form,

’ Atp1; +Eray; ‘

’ Atvij +BrBij + Crag;

_ |

Pr=|

ArfBurj + Eran; ‘ ’ —At1B1; — Erayy ‘

| - /

’ At +Brpij + CTOCij‘

IOéij —Ialj

’ ArBrj + Eran; ‘

where blocks with zero elements are left blank. The omitted layer superscript k
increases along the diagonal. The matrix has a nearly block-diagonal structure and,
moreover, can be inverted. Similarly, the M x M matrix Ry is

1xM

Draij;
7 (m—2)xMm

1xM

alofls

[ o Ju
[ o ]

=
—
Il

1xM 1xM

Draij;
I
I Y

1.5.2 Spheroidal oscillations

The subvector y contains three unknown components, y = (U, V, F )T. The 3 x 3
submatrices Ag—Fg are the upper left blocks of the matrices A-F. Spheroidal os-
cillations do exist in liquid layers and the point of origin, r,(Tllzn = 0, is always the
center of the model, where conditions have to be satisfied. The free-surface
conditions are required on the surface. The matrices 135 and f{S are created

from ([1.85)), (1.80), (L.88)), (1.91) and (1.92),

’ F’3 B0, + Fgao; ‘

’ Agvij + BsBij + Csay;

’ AsfBuj + Esan;

‘ ’ _ASﬁlj_ESalj‘

|

Lan;

| |

—Iay;

|

20

’ Agvij + Bgfi; + Csayj

’ AsBrj +Egony;

|




3x3M

Dga;;
Y| (sM—6)x3M

alells

sxoM Lo Joaw

3x3M 3x3M

Dsai;
o opant
[0 Jian

The size 3M x 3M of the matrices Pg and Rg can be reduced by separation of
the equations with zero right-hand sides in (1.95]), i.e. those corresponding to the
Poisson equation and the boundary conditions. Thus, ((1.95) can be arranged into
the form

P, P\ (Y, »( R 0 (Y,
(mw) (%)== (5 ) (%) o

P, P, and R; correspond to the equations 7, whereas P3 and P4 match
the equation (|1.43) and boundary conditions —1.46. Vector Y; is chosen to
collect the displacement components in the internal points of the layers and vector
Y, consists of the components of the displacement in the boundary points and the
incremental gravitational potential. Since

Y, = -P,'P3Y;, (1.98)

the final eigenvalue problem with the matrix of the size (2M —4K) x (2M —4K) has
the form

1

-1
(P1—PyP;'P3) RiY; = -V (1.99)

1.5.3 Radial oscillations

The subvector y contains only the radial component of the displacement, y = (U).
The coefficient submatrices have one element each easily obtained from (1.52))—(1.55)),

ie.,
Ar — 5, (1.100)
Br — —+4, (1.101)

N
DR — o,
N

FS — 1, Fy — 0.

min

The point of origin is the center of the model, r = 0, where U(0) = 0, and the
free-surface condition 1} is required on the surface. The M x M matrices Pr
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and f{R take the forms

’ F%aq; ‘

’ ARr7ij + Brpij + Croj

_ ’ ARrBumj + Eran ‘ ’ —ARf1; — Eraij ‘

Pr=|

Loy, ‘ ’ —Ioy; ‘ )

’ Ar7ij + BrBij + Crayj

’ ArBrj + Erang ‘

1xM

DRai-
| (M—2)xM

alefls

NSV NI P

1xM 1xM

(M—2)xM
[ o |

1xM

1.5.4 Tides

The vector of unknowns is the same as for the spheroidal modes, y = (U, V, F’ )T, and
the same equations and boundary conditions are valid in all grid points except for
the surface where the tidal potential changes the right-hand side of the free-surface
boundary condition . Since the coefficient matrices Ag—Fg are the same as for
the spheroidal modes, the matrix equation has the form

(f’s + WQRS) Y = Qi (1.106)

where the last term of the vector Q,u, = [0,...,0,—(20 +1)go]" of the size 3M
contains the surface condition and w is the frequency of the external tidal potential.
Since w is known, (|1.106|) represents the set of linear equations to be solved in order
to get the tidal deformation and the incremental potential.

1.6 Quality factors

Anelastic dissipation of the compressional and shear energy causes the attenuation
of the free oscillations. The modal amplitude decreases with time proportionally to
exp (—%), where () is the quality factor of a mode. When @ is large, the mode is
attenuated slowly. In the Earth, the quality factors vary from 90 to 5500. However,
only the first few radial modes achieve the values higher than 1000, whereas @) of
other modes are lower.

The value of @ can be determined by the equation (Dahlen and Tromp, 1998,

eq. 9.54)
R
O =2 / (hE.Q' + nK,Q,") dr, (1.107)
0
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where £ = A 4 24 is the incompressibility modulus, Q.(r) and Q,(r) are the bulk
and shear quality factors of the model and the Fréchet kernels K, and K, depend
on the modal frequencies and eigenfunctions by the formulas

2wK, = (2rU' —2U + NV)*/3+ N(rV' =V +U)*+
FN (W' = W)* + N(N = 2)(V* + 7%, (1.108)
QWK,.; = (TU/ +2U — NV>2 (1109)

In our calculations we use @, and (), from the PREM (Dziewonski and Anderson,
1981) but there is a series of other models (e.g., Sailor and Dziewonski, 1978; Durek
and Ekstrom, 1996; Widmer et al., 1991; Lawrence and Wysession, 2005) because
the knowledge of anelasticity is much poorer than that of elasticity and density
(Masters and Gilbert, 1983). This is the reason why we reevaluate the quality
factors of several gravest modes from the attenuation of superconducting-gravimeter
signals, where they play a key role.

The seismic velocities v, = /k/p and vy = \/p/p are thus frequency dependent.
The PREM velocities are given at the reference frequency of wyer/(27) = 1 Hz and
have to be modified according to dispersion relations by Kanamori and Anderson
(1977),

In <

Vs(w) = vs(wref) <1+:Tl$;f>, (1.110)
In -« _

%w)zvawajchE+§ﬂ, (1.111)

where E = 3(vs/v,)?. Frequency-dependent values of A\(w) and p(w) stem from
these relations easily.

1.7 Interpolations

When we compute modes for a chosen fiducial frequency wy of the model, the ques-
tion arises how to correct the modal frequencies different from the fiducial one.
Dahlen and Tromp (1998) derived the explicit formula for the first-order perturba-
tion dwq of the eigenfrequency w,

0, 1.112

0 (1.112)
However, some spheroidal eigenfunctions are very sensitive to the fiducial frequency
wo (see Fig. . This is the reason why we solved the whole matrix-eigenvalue
problems for several fiducial frequencies and interpolated them to obtain better
approximation of both the modal eigenfunctions and eigenfrequencies and, subse-
quently, the quality factors. If 77 and T, are the modal periods corresponding to
the fiducial periods T'1, and 72, T'1 < T2, we can write approximative relation for
the corrected modal period

log(Thy +15)/2 —log T'1
logT?2 —logT'1
The analogous relations can be written for the eigenfunctions U, V and F,
logT —logT'1
logT2 —logT1

dwg = w

=T +

(T, — T1). (1.113)

U=U +

Uy —Uy), ... (1.114)
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and for the quality factors @

logT —logT'1

@=Qut logT2 —logT1

(Q2 — Q1). (1.115)
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Figure 1.1: The radial eigenfunctions U of selected overtones ,.S2 for several fiducial
periods.
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Figure 1.2: Dependence of the quality factors on the fiducial period.
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If a modal quality factor @ is low (about 80-90), the correction dwq can be so high
that the sequence of the overtones is disarranged. For this reason we compute the
”distance integral” [{[(U, — Uy)? + (Vi — Va)?|pr2dr to evaluate the correspondence
of the overtones. If () obtained from agrees well with the value yielded by
, we consider these modes to be Correspondinéﬂ

Fig. shows the frequency dependence of eigenfunctions U for several overtones
of the angular degree [ = 2. The eigenfrequencies and eigenfunctions were computed
for four fiducial periods of the PREM (1024 s, 256 s, 64 s, 16 s). Whereas the
eigenfunctions of the fundamental mode (S5 are almost independent of the choice of
the fiducial period, the eigenfunctions of the modes ¢55 and 135 are quite sensitive.
Since ) depends on the eigenfunctions, its values vary between 510.4 and 509.3 for
mode (S5, 523.4 and 313.6 for mode ¢S5, 112.6 and 535.8 for mode 1953. The former
values correspond to the fiducial period of 1024 s and the latter to that of 16 s. The
dependence is shown in Fig. [1.2]

1.8 Numerical tests

In order to benchmark our software, we compare our eigenfrequencies and eigen-
functions with those computed by the Mineos software packagd? The number of
radial grid points in our calculations was 2019 for spheroidal modes and 1065 for
toroidal modes. The Mineos software was configured to neglect the gravitational
terms for frequencies above 40 mHz and the parameter controlling the accuracy of
the Runge-Kutta integration scheme eps was set to 107°-107'2. Fig. [1.3] shows the
relative differences of the eigenfrequencies and Fig. yields the relative differences
of the quality factors for both toroidal and spheroidal modes. All modes with angu-
lar degrees up to 500 and overtones with n < 300 for spheroidal modes and n < 210
for toroidal modes are included. The chosen span of the angular degrees and over-
tone numbers guaranties that all modes up to 50 mHz are included into this test;
however, most of the frequencies are higher (but all below 250 mHz). Both the Mi-
neos and our code computed the eigenfrequencies and eigenfunctions of the isotropic
PREM with the fiducial frequency wy/(27) = 100 mHz in the toroidal case and with
several fiducial frequencies with subsequent interpolations in the spheroidal case.

We achieved excellent agreement for all toroidal modes since the choice of the
fiducial frequency plays a minor role in this case. As to the frequencies, we obtained
relative differences less than 107° for most of the modes and less than 107 for
the modes with frequencies near 100 mHz. Toroidal quality-factor uncertainties can
increase up to 1% in the worst scenario. As to the spheroidal frequencies, the relative
differences are less than 10~ for most of the modes and the worst relative difference
is about 1073, We received significant differences in quality factors of the spheroidal
modes when the Mineos did not converge, otherwise the agreement was better than
95%.

!There are exceptional cases (less then 0.1% of the total number of the modes up to the frequency
250 mHz) when we are not able to find the corresponding mode rising from neighbouring fiducial
periods. In such cases we do not interpolate and take the modal periods and eigenfunctions from
the solution on the closer fiducial frequency.

Zhttp://geodynamics.org/cig/software/mineos/
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Figure 1.3: Relative differences between the normal-mode frequencies obtained by the
Mineos and our matrix-eigenvalue software for the angular degrees up to 500. The upper
panel show the toroidal modes and the lower panel show the spheroidal modes.
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Figure 1.4: Relative differences between the normal-mode quality factors obtained by
the Mineos and our matrix-eigenvalue software for the angular degrees up to 500. The
upper panel show the toroidal modes and the lower panel show the spheroidal modes.
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Chapter 2

Synthetic accelerograms

In the previous chapter, we described the matrix eigenvalue approach that allows
us to calculate the normal-mode frequencies and eigenfunctions. In this chapter,
we show how to calculate the response of an (an)elastic and (a)spherical Earth
to seismic events. We start with the general equations that describe the splitting
of an isolated multiplet as a consequence of the effects of the Earth rotation and
hydrostatic ellipticity. Then we describe the response of a spherical non-rotating
Earth. All the relations that we have used to calculate synthetic seismograms are
presented in this chapter, so that one may follow all the numerical steps. The
formulas are adopted from Dahlen and Tromp (1998) and Dahlen and Sailor (1979)
and reproduced here without derivation.

2.1 Splitting of an isolated multiplet

The splitting of free oscillations due to the rotation and associated ellipticity sig-
nificantly affects the spectra of the gravest modes; however, splitting due to other
perturbations such as lateral heterogeneity and anisotropy can also be important.
The multiplets of free oscillations are non-degenerated, and there are 2/ + 1 sin-
glets of close frequencies for every angular degree [. We use the azimuthal order
m = —[,...,l to denote individual singlets.

Let x(r, 9, ¢) be the position vector of the receiver and x,(rs, Js, ¢5) the position
vector of the seismic point source. The unit basis of mutually perpendicular vectors
e, ey and ey is defined in the direction of increasing radius r, colatitude ¥ and
longitude ¢ at the location of a receiver x, and the basis e}, ej and e} is defined in
the direction of increasing radius r,, colatitude 9, and longitude ¢, at the location
of a source x5. We consider a seismic point source described by the moment tensor
M and an elliptical Earth model rotating with the sidereal angular velocity 2. The
acceleration response at the receiver position x in time ¢ for an isolated multiplet is

a(x,t) = Re) [1 +mx(Qwy ') — 7(1 — 3m2N_1)} T Sm X
X exp [z’wo (1~|—a+bm+cm2 +z’(2Q)_1) t} : (2.1)

where N = [(I 4+ 1), wy is the frequency and @ the quality factor of the degenerated
multiplet, x is the Coriolis splitting parameter, see (2.7) below, a, b and ¢ are

splitting parameters (2.10)—(2.12)) and 7 is the auxiliary variable (2.13)). Complex

scalars r,, and s, are related to the displacement evaluated in the receiver and
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source positions, respectively, for each singlet denoted by m. An asterisk stands for
complex conjugation. The scalar r,, represents the component of the displacement
in the direction v in the receiver position (e.g., polarization of the accelerometer),

m(X) = v, (X) = v+ veuy + vguy, V=1, (2.2)

where the spherical components of the displacement u are

Up = €p - Uy = UYEm,
Uy = €y Uy = VY, +imW(sind) Y,
Upy = €4 Uy, =1imV (sin 9) Y — WOy Yim. (2.3)

The scalar s, is defined by
sm(xs) = M:el () (2.4)
= MTTE:T‘S + Mﬁﬁggﬂs + M¢¢€:5¢s + Q(Mrﬂg:ﬁs + MT(f’g:qﬁs + Mﬁ¢€;k9¢s),

where g,, is the strain tensor, &, = % {Vum + (Vum)T} , and the subscript s denotes
evaluation at the source position x,. The spherical components of €, are

g = U'Yip,

egg = r UV, —r 'V [cot 90y Y — m2(sind) %Yy, + NY}m} +
+ imr W (sin )~ (99 Yo — cot Y5, ,

Epp = 1T ' UY)m +1r7V {Cot V0 Yim — m?(sin 19)’2Ylm} —
— imr W (sin ) (99 Yim — cot 9Yi,n) ,

Ery = % [x&ngm + imz(sin 19)_1Ylm} ,
Erp = % {imx(sin )Y, — z&ngm] ,
g9y = imr WV (sin®) ™! (89Yim — cot 9Y;,,) +
+rtw [COt V09 Yim — m2(sin ) %Yy, + %NY}m , (2.5)

where two auxiliary variables x and z are defined as

r = V —r 'V 41y,
W —r W (2.6)

The Coriolis splitting parameter, first introduced by Backus and Gilbert (1961),
R
X:/;mﬂ+mw+m%ﬂw, (2.7)
0

describes the first-order effect of the Earth rotation, while the centrifugal potential
and the associated ellipticity perturbation are ignored. The eigenfrequency pertur-
bations are then linear,

dwm =mxQ, —1<m<I. (2.8)

The radial modes ,,Sg are not affected by this first-order effect of rotation since they
are non-degenerate. The normalization condition (1.39)) of the toroidal modes ,, T}
implies that

x=N1 (2.9)
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The rotational and elliptical splitting parameters a, b and ¢ have the form,

a = 1(1=Nx)(Q/wo)?+ L(vwg? = 7) + az(Q/wp)?, (2.10)
b = x(Q/wp), (2.11)
¢ = —3N(vwy? = 7) + 72(Q/wo)?. (2.12)

The first term in represents the effect of the spherical part of the centrifugal
potential and the second term is caused by the combined effects of the degree-two
perturbations of the centrifugal potential and ellipticity. The rotational splitting
parameter b arises from the first-order effect of the Coriolis force, whereas the cor-
rection parameters as and 7, are related to the second-order effect of the Coriolis
force. The auxiliary variables 7 and v in , (2.10) and (2.12)), as well as ay and
72, are expressed in the next section.

2.2 Splitting parameters

This section contains relations necessary to determine splitting parameters of a free-
oscillation isolated multiplet. We use R, Rcvp and Rycg to denote, respectively, the
radius of the Earth, outer core and inner core, and p, p and k are the density, shear
modulus and incompressibility modulus, respectively. Auxiliary variables 7 and v

that occur in (2.1) and (2.10)—(2.12)) are defined as

T = 4NN 3 /R zep T,— (n+ 3)Tp} r2dr, (2.13)
Vo= 3/ % —(n+ 1)V} +
+ 1 Vu =+ m] p[Vo = (n+3)V,]) riar, (214)

where the ellipticity €(r) is given by

e(r) ~ e exp (— /TR ﬁf‘ldf> (2.15)

and the auxiliary variable n(r) defined as = re’/e can be approximately written as

25 / prid
nry~ —|1-—"—1 —1. (2.16)
T2/ prdr

The approximate relation of the hydrostatic surface ellipticity eg is

10Q%a®/(G M)
4+ 25[1—31/(Ma*)]*

ER ~ (217)

where G is the gravitational constant, M the mass of the Earth model and the
moment of inertia [ is related to p by

= —7?/ pridr. (2.18)
0
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The density, incompressibility and rigidity kernels T}, Tp, V,, \7p, Vs Viuy Vi Vi in
equations (2.13)) and ([2.14) have the form,

T, = —6UV, (2.19)
T, = U*+ (N =3)(V?+W?), (2.20)
V, = 2f(rF' +4rGprU + gU) — 6r ' gUV +
+6r~1gU? + 2r '[(N — 3)V — NU]F, (2.21)
V, = 2(N =3 'FV + U(Q2F +87GpU — 6gr~'V), (2.22)
V. = 22U = [)QU' +9V' — 1277 'V) + 22[3U" — (N = 3)V' = 3r 'NV] +
+18(N = 2)r HVV' + WW') — 2(N — 3)zW, (2.23)
V, = (N—=12)(N = 2)r 2(V>+ W?) + (N = 3)(z? + 22 — 22V’ — 2:W') —
—22U" = NH(U' + 5f —6r7'V), (2.24)
Vi = 20U+ HU +3r7 V), (2.25)
Vo = —(U+ HU - f—6r"'V). (2.26)
where the auxiliary variable f is defined as
f=r"'2U = NV). (2.27)

The second-order Coriolis correction parameters as and 7, for spheroidal modes
given by Dahlen and Sailor (1979) have the form

2121 — 1) 2(1 +2)%(1 +1)?
“ T @rn@-n T @@y (2.28)
1.2 2(1 - 1)° 2(1 +2)? B1oc (220

T T n@i—1)" T @32+

The quantity A represents the contribution of all toroidal modes of degree [ — 1,

1 RcvmBb 2 9
A = 7/ o [U + (L + 1)V r2dr +
l(l—]_) RicB

+Z< 4 )(/ORICBpQ[U+(l+1)V]W7‘2dT> +

Wo_wo

+ > ( ) </sz po U+ (1 +1)V] Wr2dr>2, (2.30)

AT 1 w§ — @
B represents the contribution of all toroidal modes of degree [ + 1,
1 RcwvB 9
= —— U — V] ridr +

I+ D) +2) /RICB ol |

5 () (e

aTie1
2 R o 2

+ / U—1V]Wr dr) 2.31

by (22%) ([ w-m (2.31)

and C represents the contribution of all spheroidal modes of degree [,
wa R - = ~ ’
c = > <w2 _0@2> (/ po [UV + TV 4+ VV] 7’2dr> : (2.32)

sy 0 0 0
n#N

32



In both equations and , the first term represents the contribution from
the secular toroidal modes of the fluid outer core with wy = 0, and W = 0 in the
inner core and mantle; in the fluid W may be selected arbitrarily. These degenerate
solutions exist thanks to the inability of the fluid core to resist any shear force.
The second term in equations and is the contribution from the inner-
core toroidal modes. These modes are completely decoupled from the rest of the
Earth, while the spheroidal inner-core modes generate a weak signal at the surface.
The third term arises from the usual toroidal mode of the mantle. The sum in the
equation contains the usual spheroidal modes and gravitational spheroidal
modes confined largely to the fluid core.

We have to treat the cases [ = 0,1 and 2 separately to keep the equations

and ([2.29) valid,

[ = 0:
A — 0,
Rics 2 R 2
/ por3Udr / por3Udr
B = B+ |~ + (2.33)
2 / portdr 2 poridr
0 Rcms
[ = 1:
A = 0 (2.34)
[ = 2:
Rics 2 R 2
/ por®[U + 3V]dr / por®[U + 3V]dr
A = At | A fowe . (2.35)
2 / poridr 2 poridr
0 Rcowvs

The additional terms represent the contribution of the inner-core and mantle rigid
rotational modes. The rigid translational mode 4S; makes no additional contribution
to C' for [ = 1 because of orthogonality.

The second-order Coriolis correction parameters oy and 7, for mantle toroidal
modes given by Dahlen and Sailor (1979) have the form

B 2N 2N
2T -0 T ery@en

1 2(1+1)? 207
T (2l+1)(2l—1)A_ (21+3)(25+1)B’ (237)

(2.36)

where the quantity A represents the contribution of all the spheroidal modes of
degree [ — 1,

A=Y ( 4 )(/sz pW [0 — (1 - 1)V] r2dr>2 (2.38)

2 ~2
a8 1 \Wo — Wo

and B represents the contribution of all spheroidal modes of degree [ + 1,

B= Y ( 2“’3 2) (/RI:ZM poW [U+(z+2)f/} r2dr>2. (2.39)

AS141 Wo — Wo
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As in the spheroidal case, the gravitational modes as well as the usual spheroidal
modes must be included in the sums A and B. The rigid translation mode (S5
makes no additional contribution to A for [ = 2 because of the fact that U = V.

2.3 Synthetic accelerograms on a non-rotating sphere

The angular epicentral distance © between the source and receiver positions is given
by

cos O = e, - e, = cos ) cos Vg + sin ¥ sin I cos(¢p — ¢s). (2.40)

The azimuth to the receiver ®, measured in a counterclockwise sense from due south
at the source, is defined as

— cos 0 sin O + sin 0 cos O cos(¢ — ¢s)
sin ©

The acceleration response of a non-rotating anelastic Earth to a step-function moment-
tensor source M situated at x; is given at the location of receiver x by equation

— z_: Z nAy(x) cos(pwit) exp ( ;g) ) (2.42)

where the amplitude of excitation has the form

cos = (2.41)

HAAX):<2Z;1>D(n@¢mnAm@¢m. (2.43)

The displacement operator D of the receiver in the epicentral representation is
D (r,0,8) = (U, [Vdo + W(sin®) 0], [V(sin©) "0y —- Wao|)  (2.44)

and the scalar function ,,A; evaluated at the source x, has the form

2
WA (0,0) = Z Pyn(cos ©)(A,, cosm® + B, sinm®), (2.45)
m=0
: 1
Ay = MU, + (Mg + Myyg)r; (U, — §NV5), (2.46)
By = 0, (2.47)
Al = Myp(Vy ='WV + 171U, — My (W, — 7 W), (2.48)
Bl = My(Ve—r'Vi+r]1U) + Mug(W, — ] 'Wy), (2.49)
Ay = rt [ (Mag — Mgg) Vs — M9¢Ws] : (2.50)
1
By = 1]} [M%Vs + §(M99 - M¢¢)Ws:| : (2.51)

Fig. shows the three-component records of the synthetic acceleration following
the 2010 Maule earthquake calculated for the station Pecny (PE: 49.92N, 14.79E),
Czech Republic. The Global CMT Project Moment Tensor Solution (GCMT) with
My = 1.84 x 10** Nm (M,, = 1.04, Mpy = —0.03, My, = —1.01, M,y = 0.227,
M,y = —1.51 and My, = —0.12) is used as the seismic source; the centroid location
is 35.95S and 73.15W and depth of 24.1 km. The synthetic signals up to 40 mHz are
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Figure 2.1: Three components (vertical Z,radial R, transverse T) of synthetic accelero-
grams for the spheroidal and toroidal modes up to 40 mHz generated by the Maule 2010
earthquake at the station PE. The GCMT source solution was chosen to represent the
earthquake. Our accelerograms are plotted in red, those calculated using Mineos in blue.
Note that the (Z, R)-components (dominated by the Rayleigh waves) are the sums of the
spheroidal modes, whereas the T-component (dominated by the Love waves) is formed of
toroidal modes. The zero of the time axis corresponds to the origin time of the earthquake.
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computed by our code (red) and the Mineos (blue). The vertical component Z as well

as the radial component R are generated by the spheroidal modes with insignificant

toroidal signal, whereas the transverse component T is formed of toroidal modes.
In the high-Q approximation, the displacement response is

s(x, 1) ~ ginMZZHAZ(X) 1 — cos(pent) exp <_;"t>] | (2.52)

The final static displacement of the spherically symmetric Earth can thus be written
as

Sf(X) ~ iinwl_%lAl(X)' (253)

If the receiver is situated upon the surface of the Earth and we use the fact that ¢’ =
—2a~tg, the eigenfunctions in the displacement operator must be corrected
for the effects of the free-air change in gravity due to the radial displacement Uge,,
ground tilt and horizontal acceleration Vi,

Ufree = 2nwl_2.ga71Ua V:cilt = _nwl_2gailU7 (254)

and for the effect of the perturbation F' in the gravitational potential due to the
redistribution of the Earth mass,

Upot = (L + 1) %a™'F, Vi = —pw; %a™ ' F. (2.55)

The spheroidal eigenfunctions in the displacement operator D (2.44)) have to be
replaced by U — U + Ugee + Upot and V- — V + Vi + Vot
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Chapter 3

S(G records mining

In the previous chapter we have provided the reader with the theoretical background
needed for computation of the synthetic seismograms generated by point sources.
In this chapter we present its application to low-frequency seismology. We focus
on the radial and spheroidal modes in the frequency range up to 1 mHz that af-
fords several advantages by employing the superconducting-gravimeter (SG) data.
The SG data following the 2004 Sumatra-Andaman, 2010 Maule, 2011 Tohoku-Oki
and 2012 Sumatra earthquakes were assembled within the framework of the GGP
(http:/ /www.eas.slu.edu/GGP /ggphome.html; Crossley et al., 1999). The geograph-

|y

Figure 3.1: Superconducting gravimeter stations providing free data following the
megathrust earthquakes within the Global Geodynamics Project.

ical distribution of the Global Geodynamics Project (GGP) stations is shown in
Fig. and their specifications are listed in Table The noise-level analysis of
these stations was provided by Rosat and Hinderer (2011).

We demonstrate the determination of the quality factors of individual modes as
well as the centroid-moment tensor (CMT) of the events from the SG records. We
focus mainly on the 2010 Maule, 2011 Tohoku-Oki and 2012 Sumatra earthquakes
in the following text, since the 2004 Sumatra-Andaman earthquake source process
is complicated by an extreme fault-plane length of about 1200 km (e.g., Park et
al., 2005; Vigny et al., 2005; Ishii et al., 2005; Banerjee et al., 2005; Braitenberg
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and Zadro, 2007; de Groot-Hedlin, 2005), and its relatively slow rupture velocity
confirmed by many independent studies using various techniques (Kriiger and Ohrn-
berger, 2005; Tolstoy and Bohnenstiehl, 2005; Guilbert et al., 2005; Okal and Stein,
2009; Gahalaut et al., 2010).

acronym station latitude longitude instrument
AP Apache Point 32.78N  105.82W OSG-046
CA Cantley 45.58N  75.81W T012 TT70
CB Canberra 35.32S  149.01E Co031

CI Cibinong 6.49S  106.85E (€022

CcO Conrad Observatory — 47.93N 15.86E (€025

DJ Djougou 9.74N 1.61E  OSG-060
H3 Bad Homburg 50.23N 8.61E SG-044
H4 Bad Homburg 50.23N 8.61E CDO029_L
H5 Bad Homburg 50.23N 8.61E CD029_U
KA Kamioka 36.43N  137.31E T016

LH Lhasa 29.65N 91.04E SG-057
MC Medicina 44.52N 11.65E €023

ME Metsahovi 60.22N 24.40E T020

NY Ny-Alesund 78.93N 11.87E €039

OS Onsala 57.39N 11.93E 054

PE Pecny 49.92N 14.79E  OSG-050
ST Strasbourg 48.62N 7.68E C026

TC TIGO Concepcion 36.84S 73.03W RTO038
W3 Wettzell 49.14N 12.88E  CDO030_L
W4 Wettzell 49.14N 12.88E  CD030_U
WU Wuhan 30.52N  114.49E T004 TT70

Table 3.1: Specification of the SG stations. More details about the SG sites can be found
in Crossley and Hinderer (2009).

3.1 SG data

It is opportune to use the superconducting-gravimeter data for analyzing the ultra-
long normal-mode amplitude spectra. Fig. shows the range of the observable
periods covering eight orders of magnitude from 1 second to several years. The
periods of free oscillations are visible both in the broadband seismometer and SG
spectra. The SG data are less noisy than seismometer data in the frequency range
up to 1 mHz (e.g., Rosat et al., 2002; Widmer-Schnidrig, 2003; Ferreira et al., 2006;
Rosat et. al., 2015), but they provide only the vertical component of oscillations.

Table [3.2] shows the header of the data file from the Pecny station in the stan-
dard PRETERNA format that is part of the ETERNA Earth tide analysis program
(Wenzel, 1996b). The gravity and atmospheric-pressure data are sampled per 1 sec-
ond and uncorrected to disturbances such as spikes, offsets, and other problems.
Provided data files contain monthly data.
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Figure 3.2:  Surface gravity effects of geophysical phenomena observable by
superconducting-gravimeters after Hinderer et al. (2007). FCN - the free core nuta-
tion; wobble modes for an Earth model with a fluid outer core, FCIN - free inner core
nutation, CW - Chandler wobble.

Filename : PE110300.GGS

Station : Pecny, Czech Republic
Instrument : GWR 0SG-050

Time Delay (sec) : 8.8600 0.0200 measured

N. Latitude (deq) : 49.9137 0.0001 measured
E. Longitude (deq) : 14.7856 0.0001 measured
Elevation MSL (m) : 534.5800 0.0500 measured
Gravity Cal (uGal/v) : -=73.3500 0.0200 measured
Pressure Cal (hPa/V) : 1.0000 0.0060 measured
Author : vojtech.palinkas@pecny.cz
yyyymmdd hhmmss gravity (V) pressure (V)
C******************************************************
77777777 0.0 0.0

20110301 000000 0.313755 962.6310

20110301 000001 0.303011 962.6290

20110301 000002 0.297373 962.6270

20110301 000003 0.303552 962.6220

Table 3.2: Gravity and atmospheric-pressure data from the station Pecny sampled at 1 s
in a standard PRETERNA format (Wenzel, 1996a).

The amplitude spectra of gravity are strongly affected by the solid-Earth tides.
The effect of the atmospheric pressure is the second largest; the groundwater-
variation influence is an order of magnitude lesser. The standard procedure to
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remove tides from the recorded data is to subtract the theoretical tidal accelera-
tion from the measured gravity. The most accurate tidal-potential catalogue for
high-precision work is, according to Wenzel (1996a), HW95 described in Hartmann
and Wenzel (1995a and 1995b). However, it is sufficient for our purpose to apply
a high-pass Butterworth filter with a threshold of 0.1 mHz to remove local tides
from the raw gravity data. In this way we also remove most of the tide-joined hy-
drological effects. The mean value or linear trend were removed and the data were
undersampled from 1 s to 1 min by standard MATLAB procedures. Fig. shows
the three-week records, both raw and post-processed, of the gravity containing the
2011 Tohoku earthquake on the station Pecny. Although the tidal frequencies are
out of our range of interest, it is advisable to remove them from the records when we
compare the free-oscillation synthetic and observed SG signals in the time domain.
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Figure 3.3: Three-week record from station Pecny observed after the 2011 Tohoku earth-
quake. Raw data are shown on the upper panel, whereas a high-pass Butterworth filter
with 0.1 mHz threshold is applied to the data on the lower panel.

According to Hinderer et al. (2007): The atmosphere provides a significant grav-
ity effect (up to 10% of the tidal signal) with a transfer function (or admittance
factor) that approzimates -0.3 mGal hPa™' for a typical continental station. The
effect is a combination of gravitational attraction by atmospheric density anomalies
with a loading that vertically deforms the crust and mantle. For a positive atmo-
spheric density anomaly, simple theory gives about -0.4 mGal hPa~' for the upward
attraction and +0.1 mGal hPa* for the loading. A number of well-studied empirical
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Figure 3.4: Reduction of the noise level due to atmospheric correction on stations Stras-
bourg (upper panel) and Apache Point (lower panel). Green lines are data without atmo-
spheric correction, and red lines denote the data corrected for the effect of atmospheric
pressure where the nominal admittance factor is -3 nm/s?/hPa. A Hann filter, high-pass
Butterworth filter with 0.1 mHz threshold and the Fourier transform were applied to
200-hour time series following the 2011 Tohoku earthquake; the amplitude spectra were
averaged over the time window.
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and physical methods exist for making a pressure correction to the gravity data, but
even with the most sophisticated treatments it is not possible to completely remove
the atmospheric pressure effect.

The effect of the atmospheric pressure is demonstrated in Figs. and [3.5| where
the amplitude spectra of 200-hour signals after the 2011 Tohoku earthquake are
shown for the stations Strasbourg and Apache Point. These atmospheric corrections
are relevant in the used frequency range only for the stations with high signal-to-
noise ratio up to 0.6 mHz, whereas there is no improvement for the stations with
higher noise level, regardless of the choice of the admittance factor; in this case the
noise is not of atmospheric origin. However, one can clearly see from Fig. that
the atmospheric corrections do not influence the spectra of the modes (¢S5, ¢S54 or
055, and play only the minor role in the spectrum of the mode (.55.
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Figure 3.5: Detail of Fig. |3.4] (see caption) for the four longest fundamental spheroidal
modes.
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3.2 The 2010 Maule and 2011 Tohoku earthquakes

The 1952 Kamchatka, 1960 Valdivia (Great Chilean earthquake), 1964 Alaska and
2004 Sumatra-Andaman earthquakes were the strongest earthquakes in the instru-
mental era before the full development of the GGP network of superconducting
gravimeters. The GGP subsequently registered the following three megaevents: the
2010 Maule, 2011 Tohoku and 2012 Sumatra earthquakes. In this section, we will
describe the agency solutions of the 2010 Maule and 2011 Tohoku earthquakes and
show the amplitude spectra of the Tohoku SG records as an example. The de-
tailed analysis of these two earthquakes is then the topic of Chapters the 2012
Sumatra double event is studied in Section [3.4l

The Global Centroid-Moment-Tensor (GCMT) Project was founded by Adam
Dziewonski at Harvard University, and now it is continued by Goran Ekstrom at
the Lamont-Doherty Earth Observatory of Columbia University. We denote the
GCMT solutions for the 2010 Maule and 2011 Tohoku earthquakes as PS1H?| the
U.S. Geological Survey (USGS) solution as PSZ?H?] and the W-phase source solution
also provided by USGS as PSFIf] The agency solutions of both earthquakes are

summarized in Fig. [3.6) and Tables [3.3] and [3.4]
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Figure 3.6: Locations and focal mechanisms determined by the different agencies. The
exact locations and the moment tensors for both earthquakes are summarized in Tables

and .

The GCMTs are calculated by summation of Earth normal modes from long-
period data provided by the Global Seismographic Network retrieved in a near-
real-time network. The USGS uses principally the same method as the GCMT
group. The W-phase source inversion algorithm was specifically developed to handle
very large earthquakes like the 2010 Maule and 2011 Tohoku earthquakes. This

Thttp:/ /earthquake.usgs.gov/earthquakes/eqinthenews/2010/us2010tfan /neic_tfan_gcmt.php

2http://earthquake.usgs.gov/earthquakes/eqginthenews /2011 /usc0001xgp/neic_c0001xgp_gcmt.
php

Ihttp://earthquake.usgs.gov/earthquakes/eqinthenews/2010/us2010tfan /neic_tfan_cmt.php

4http://earthquake.usgs.gov/earthquakes/eqinthenews /2011 /usc0001xgp/neic_c0001xgp_cmt.php

Shttp://earthquake.usgs.gov/earthquakes/eqinthenews/2010/us2010tfan /neic_tfan_wmt.php

Shttp://earthquake.usgs.gov/earthquakes/eqinthenews,/2011/usc0001xgp/neic_c0001xgp_wmt.php
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latitude longitude depth [km] orig. time M, [10%* Nm)]
PS1 37.52N  143.05E 20.0 05:47:32.8 5.31
PS2  38.49N  142.60E 10.0 05:47:47.2 4.50
PS3  38.32N  142.97E 24.0 05:46:23.0 3.90
[1022 Nm] Mrr M@g M¢¢ Mrg MT¢ M9¢
PS1 1.730 -0.281 -1.450 2.120 4.550 -0.657
PS2 203 -0.16 -1.87 2.06 349 -0.60
PS3 1.82  -0.13 -1.69 134 3.17 -0.56

Table 3.3: The March 11, 2011 Tohoku earthquake agency solutions; Global CMT solu-
tion (Nettles et al., 2011) - (PS1), USGS CMT solution (Polet and Thio, 2011) - (PS2),
USGS Wphase solution (Duputel et al., 2011) - (PS3).

latitude longitude depth [km] orig. time M, [10%* Nm)]
PS1  35.95S 73.15W 24.1 06:35:15.4 1.84
PS2  35.77S  72.47TW 30.0 06:35:27.5 1.80
PS3  3583S  72.6TW 35.0 06:34:17.0 2.00
[1022 Nm] Mrr Mgg M¢¢ Mrg MT¢ M9¢
PS1 1.040 -0.030 -1.010 0.227 -1.510 -0.120
PS2 1.13  -0.06 -1.07 0.09 -143 -0.12
PS3 093 0.01 -094 -0.01 -1.72 -0.15

Table 3.4: The February 27, 2010 Maule earthquake agency solutions; Global CMT
solution (Ekstrém and Nettles, 2010) - (PS1), USGS CMT solution (PS2), USGS Wphase
solution (PS3).

method exploits the long period content (200-1000 s) of the broadband seismic
record preceding the arrival of the surface waves.

Vertical acceleration amplitude spectra of SG records from stations listed in
Table are shown in Fig. where the Hann filter, high-pass Butterworth filter
with 0.1 mHz threshold and the Fourier transform were applied to 50-hour time
series following the 2011 Tohoku earthquake. Fig. corresponds to the 250-hour
time series following the same earthquake. We can clearly see that the amplitude
spectra from 50-hour time series have a good quality for most of the stations, except
for the station KA, where the record is over-excited because of strong aftershocks;
the station CI does not provide good quality record. If the amplitude spectra are
calculated from 250-hour record, the signal/noise ratio gets worse for more stations
and good quality 450-hour record are provided by only few stations, see Fig[3.9
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Figure 3.7: Vertical acceleration amplitude spectra of SG records from the stations listed
in Table [3.1] after the 2011 Tohoku earthquake. The Hann filter, high-pass Butterworth
filter with 0.1 mHz threshold and the Fourier transform were applied to 50-hour time series
following the 2011 Tohoku earthquake; the spectra were averaged over the time window.
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Figure 3.8: Vertical acceleration amplitude spectra of SG records from the stations listed
in Table after the 2011 Tohoku earthquake. The Hann filter, high-pass Butterworth
filter with 0.1 mHz threshold and the Fourier transform were applied to 250-hour time
series following the 2011 Tohoku earthquake; the spectra were averaged over the time
window. The radial mode ¢Sy with the frequency 0.815 mHz has the amplitude of about
21.4 nGal.
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3.3 Quality factors: data and synthetics

In principal, the modal quality factor ) can be estimated from decrease of the
amplitude spectra employing the formula,

wfAt

Q=—"—", 3.1

ln(A1 /AQ) ( )
where f is the ”central” (unperturbed) modal frequency and At is the time shift
between two time windows of the same length used to calculate spectral amplitudes

A; and As. We define A; as
A= [ A, (3.2

where A(f) is the amplitude spectrum of the signal and §f is a narrow frequency
range covering all modal singlets. We can determine the quality factors of the radial
modes directly from the data since they are not split. The estimates of () calculated
from the equation for fixed At = 2 hours after the 2010 Maule and 2011
Tohoku earthquakes in the case of radial modes is displayed in Figs. and
Horizontal axes correspond to the shift of the first time window after the origin
time. Table [3.5] summarizes the lengths of employed time windows, the number
of employed station and resulting quality factors. The standard deviations were
calculated from the amplitudes obtained from individual station records.

mode record length [h] number of records Q
050 700/450 11/9 5500 £ 140
150 250 9/16 2000 £ 80
250 120 11/17 1120 + 270

Table 3.5: The lengths of employed time windows (2010 Maule/2011 Tohoku), number
of records and found quality factors for three radial modes.

Figs. demonstrate the application of formula (3.1]) to (tricky) determi-
nation of the quality factors from the amplitude decrease for the modes (Ss, 053,

054, 095 and 15 using synthetic records of different lengths. Since the modal mul-
tiplets consist of several singlets with slightly different frequencies, the descent of
the spectral amplitudes is very complicated. For this reason the spectral amplitude
Ay was calculated for varying At with a 2-hour step and the slope of In(A; /Ay) was
estimated by linear regression. The quality factors used for computation of synthetic
signals as well as the lengths of the time windows are summarized in Table [3.6]

Note that the line shapes in Figs. depend on the choice of the stations.
The simple formula is thus, in principle, applicable also to multiplets. However,
shifts At between the time windows used to calculate the spectral amplitudes A;
and A, have to be very high and problems arise with affecting A, by noise. This is
the reason why we use only for radial modes and estimate the quality factors
of the studied spheroidal modes by direct inversion procedure (Chapter @
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correspond to stations.
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mode record lengths [h] number of records Qg
oS> 230/460/920 14 510.35
0Ss 124/248/500 14 419
oS 80/160/320 14 374
055 59/118/236 14 356
\Ss 63/126/252 14 310

Table 3.6: Lengths of employed time windows (Qo7/2, QoT', 2Q¢T), number of the
synthetic records and reference quality factors for five spheroidal modes. The source was
GCMT solution of the 2011 Tohoku earthquake.
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Figure 3.14: The quality factors of the mode 1.5 derived from the slope of In(A;/As).
The source was the GCMT solution for the 2011 Tohoku earthquake and synthetics were
calculated for 14 stations from Table Upper panels show the quality factors derived
from the amplitude decrease over all stations; line colors correspond to the length of the
synthetic records (red—Qo71'/2, blue-QoT', green—2QT) listed in Table Lower panels
show the quality factors derived from the amplitude decrease of individual stations for the
2QT length of the synthetic records; line colors correspond to the stations.
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3.4 The 2012 Sumatra double earthquake

The two strike-slip earthquakes with moment magnitudes higher than 8 occurred
off the west coast of northern Sumatra on a fault within the oceanic lithosphere of
the Indo-Australia plate on April 11, 2012. Fig. shows the seismicity in the
Sumatra-Andaman region in years 1900-2012. Focal mechanisms plotted in this
map are the W-phase source solution PS3 provided by USGS. The three standard
agency solutions of both earthquakes are summarized in Tables (the first event)
and (the second event), respectively.

latitude longitude depth [km] orig. time M, [10*' Nm)]

PS1 224N 92.78E 40.0 08:39:29.8 8.96
PS2 224N 93.10E 40.0 08:39:32.6 8.50
PS3  2.25N 92.87E 25.0 08:38:38.0 9.00

[1022 Nm] Mm« Mgg M¢¢ Mrg Mrd) M9¢

PS1 1.36 -5.91 4,55 -3.96 046 -6.15
PS2 0.40 -5.39 498 1.74 -1.57 -6.31
PS3 1.25 -5.99 474 134 -0.63 -7.03

Table 3.7: MS8.6: April 11, 2012 Sumatra earthquake agency solutions; Global CMT
solution (PS1), USGS CMT solution (PS2), USGS Wphase solution (PS3).

latitude longitude depth [km] orig. time Mj [10?! Nm)]

PS1*  0.76N 92.25E 23.7 10:43:37.4 2.53
PS2*  0.92N 92.49E 43.0 10:43:50.3 2.20
PS3*  0.77N 92.45E 16.0 10:43:09.0 3.90

[1022 Nm] Mr'r M,gg M¢¢ MT,g Mmg M9¢

PS1* 0.59 -1.67 1.08 -1.08 -0.46 -1.89
PS2* 045 -1.30 0.85 0.21 -0.84 -1.63
PS3* -1.18 0.18 1.00 -0.92 -1.33 -3.38

Table 3.8: MS8.2: April 11, 2012 Sumatra earthquake agency solutions; Global CMT
solution (PS1*), USGS CMT solution (PS2*), USGS Wphase solution (PS3*).

Since the fundamental radial mode ¢Sy has its period of about 20.5 minutes and
the second event followed 124 minutes after the main shock, there is approximately
a zero phase shift between the fundamental radial oscillations generated by these
two events. The same applies for the first radial overtone with the period of about
10.22 minutes. The radial modes are generated only by the moment tensor com-
ponent M,, and depend on the depth of the centroid. We averaged three records
from Pecny and Wettzell (two sensors) stations to compare observed and synthetic
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signals generated by point-source solutions (PS1, PS2 and PS3). Fig.|3.16|shows the
vertical acceleration amplitude spectra of these two radial modes. The PS3+PS3*
solution generates a too weak signal because M,., components of both events are of
opposite sign. The PS2+PS2* solution generates weak signal as well; M,, compo-
nents are of the same sign, but the M, value of the main shock is too small. We
can thus conclude that only The PS14+PS1* solution yields satisfactory fit with the
data. These strike-slip earthquakes generated strong horizontal motions; the M,
components generate approximately 10% of the scalar moment tensor My. So, the
M,, components are less sensitive than others if the body and surface waves are
inverted. However, radial modes are created only by the M,, component and thus
they can be used to constrain the M,, components.
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Figure 3.16: Vertical acceleration amplitude spectra of the modes ¢Sy and 1Sy from the
SG data (red - average of three records from Pecny and Wettzell stations) and the three
synthetics for the agency point-source solutions. A Hann filter and Fourier transform were
applied to 450- and 170-hour time series.

The intervals of admissible M,.,. values for both events are shown in Fig. . We
fixed the origin times and locations on the values given by PS1 for both earthquakes;
in principle, we can use any locations or origin times from Tables and since
there is no fundamental influence on our results. We used the quality factors of radial
modes determined from data after the 2010 Maule and 2011 Tohoku earthquakes
that are presented in Table (see Section and inverted the averaged records
to find M,, components. We may conclude that M of the second event cannot be
negative and M, of the main event is smaller than 2 x 10*!Nm. Dependence of the
constraints on the studied centroid depths is very weak, as expected. We assume
the possible interval of the centroid depths 15-50 km (Duputel et al., 2012). The
calculations are presented for the depths of 20 and 30 km. This choice represents
the optimal variation of amplitudes, since the amplitudes of the radial modes are
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sensitive on the shear modulus p at the centroid depth and our model contains

discontinuity at the depth of 22 km (see Figs. and .
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Figure 3.17: Constraints on the M,, components of the 2012 Sumatra double-event
(for several depths of the centroids) obtained from the mode ¢Sy (solid line) and 1.5y
(dashed line). For each depth, the interval corresponding to £ one standard deviation
of amplitude spectra obtained from the used records and quality factors is drawn. Stars
denote published point-source solutions (PS1, PS2 and PS3).
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Seismic source and attenuation
studies from SG data
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Chapter 4

Tests of the 2011 Tohoku
earthquake source models using
free-oscillation data from GOPE
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Abstract

Data from a superconducting gravimeter were obtained from the Geodetic Obser-
vatory Pecny (GOPE), Czech Republic, and compared with acceleration data from
a broadband seismometer at the same location. We calculated synthetic seismograms
for several point- and finite-source fast solutions of the 2011 Tohoku earthquake ob-
tained from surface waves and tested them only against the observed gravity data
because of high-noise levels in the low-frequency seismic data. We have obtained
a good fit of the synthetic amplitude spectrum with the data up to 1.7 mHz without
an additional increase of the moment magnitude. In this aspect, the 2011 Tohoku
earthquake was similar to the 2010 Maule earthquake and not to the 2004 Sumatra-
Andaman earthquake, where the free-oscillations studies resulted in an increase of
the early M, values. The degree-one mode 3S; dominates the 3S51-059-1S3 triplet at
the GOPE station.

Keywords: Free oscillations of the 2011 Tohoku earthquake, superconducting-
gravimeter data, source solutions
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4.1 Motivation

The March 11, 2011, Tohoku earthquake together with the 2004 Sumatra-Andaman
and the 2010 Maule are the three largest earthquakes recorded during the last
decade. Such extraordinary events generate clear signals with a broad frequency
content that are strong enough for both detailed structural studies associated with
the eigenfrequencies of the Earth and source studies based on modal amplitude
analysis (Park et al., 2005; Okal and Stein, 2009). Because of the complexity of
the source region of such events (Ammon et al., 2005) their moment magnitude M,
estimates are subject to substantial uncertainty (e.g., Kanamori, 2006). The aim
of this study is to test several published fast source solutions of the 2011 Tohoku
earthquake in the low-frequency range up to 1.7 mHz using data from a supercon-
ducting gravimeter at the Geodetic Observatory Pecny (GOPE) (49.9° N, 14.8° E)
in the epicentral distance of 81°.

4.2 Gravity and seismic data

The superconducting gravimeter (SG) OSG-050 with the sampling frequency of 1 Hz
was installed at the GOPE station in February 2007. The new instrumentation al-
lows the study of a number of geodynamic phenomena towards both the higher
frequencies (i.e., free oscillations, long-period seismic waves) and the lower frequen-
cies (e.g., environmental effects, long-period tides). In May 2009 the broadband
seismometer (BB) CMG-3TD was installed in a new steel-cased, 60-m deep bore-
hole in the immediate vicinity of the gravimeter. The main characteristics of the BB
include 360 s to 50 Hz flat frequency response and the high-stability variant with
low self-noise up to 400 s. We have used this collocation of two modern instruments
to calculate and compare amplitude spectra of the records from both instruments.
Data from the SG were corrected for tides and pressure variations (Hinderer et al.,
2007). Furthermore, the mean value and linear trend have been removed to elim-
inate the instrumental drift and residual tidal and air pressure signals. The mass
channel of the BB, that directly yields vertical acceleration of the instrument, was
used, and the same detrend procedure was applied to the seismic data.

Fig. shows the amplitude spectra of the Tohoku earthquake for 68-hour long
records (two upper panels) and 137-hour long records (two bottom panels), respec-
tively, at the GOPE station from both the SG (red line) and the vertical acceleration
of the BB (blue line) obtained from the time window starting at March 11, 9:00 UTC.
The first panel shows the Fourier amplitude spectrum averaged by the length of the
time window, whereas the second panel exhibits the same quantity after applying
the Hann filter in the time domain; the same Fourier amplitude spectra obtained
for the longer time series are demonstrated in the third and the fourth panels. The
application of the Hann filter focuses spectral peaks but, on the other hand, it en-
hances a relative level of the low-frequency BB noise, because the BB signal of the
longest free oscillations is above the noise level only at the beginning of the time
series. A substantial increase of the BB noise is thus clearly visible, if the longer
time series is employed for spectral analysis. To avoid the problems with the noise
at the studied frequency range, we will compare synthetic calculations with the SG
signal only, and the data from the BB are shown just to demonstrate a very good
mutual agreement of spectral peaks measured by both instruments. The situation
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Figure 4.1: Vertical acceleration amplitude spectra of the superconducting gravimeter
(red line) and the broadband seismometer (blue line) after the March 11, 2011, Tohoku
earthquake. The Fourier transform was applied to 68- and 137-hour time series (upper
two and bottom two panels, respectively) and the spectrum was averaged over the time
window. In the second and the fourth panels the Hann filter was applied before the Fourier
transform.

at the GOPE station is a good example of the fact that present low-frequency seis-
mology needs supplementary instruments to broadband seismometers; more detailed
discussion is in, e.g., Ferreira et al. (2006).

4.3 Synthetic calculations

When spherical harmonic analysis is employed, the equations describing the free
oscillations can be written as a system of boundary-value problems for second-
order ordinary differential equations. The standard methodology developed for these

63



eigenvalue problems is based on numerical integration of a characteristic equation.
The solution of this equation can be numerically problematic, especially when close
frequencies need to be separated and/or the skin effect of the eigenfunctions is sig-
nificant. Our research team has been developing a novel numerical approach, where
high-accuracy pseudospectral schemes (Fornberg, 1996) are applied to discretize the
equations in radial direction. In such a way, either a matrix eigenvalue problem (in
the case of free oscillations) or a system of linear equations (in the case of tidal de-
formations) is obtained; the main idea of this approach is explained in the Appendix
and details can be found in Zdbranovd et al. (2009). Using numerical libraries for
matrix spectral analysis, the eigenfunctions and eigenfrequencies of the fundamental
modes are obtained simultaneously. Our calculations of the eigenproblem were per-
formed for the 1-D PREM parameters (Dziewonski and Anderson, 1981) evaluated
at the fixed frequency of 1.25 mHz. We also evaluated first-order frequency pertur-
bations of individual modes using Rayleigh’s principle and considering a complex
perturbation of the isotropic elastic parameters (e.g., Dahlen and Tromp, 1998) to
obtain the results for the frequency-dependent PREM model.

Moreover, multiplet splitting due to the Coriolis and centrifugal forces and hy-
drostatic ellipticity were also included following the approach by Woodhouse and
Dahlen (1978) and Dahlen and Sailor (1979). Note that 1-D structural approxima-
tions are still standard tools in low-frequency sources studies (e.g., Kanamori and
Rivera, 2008). The source and the attenuation have been incorporated into our
calculations by means of the formulas of Dahlen and Tromp (1998).

4.4 Results

Fig. demonstrates the comparisons of the three point-source (PS) and two finite-
source (FS) solutions with the SG data. The first source PS1 (M, = 9.09, depth
20 km) is by Ekstrém [1], see also Nettles et al. (2011), the second solution PS2
(M, = 9.04, depth 10 km) is the USGS Centroid Moment Tensor Solution [2] and
the third model PS3 (M,, = 9.00, depth 24 km) is the USGS WPhase Moment
Solution [3]. The source model FS1, constructed by Wei and Sladen [4], consists of
252 point sub-sources and its total seismic scalar moment is My = 5.39 x 10?2 Nm,
which corresponds to M,, = 9.09. The last model FS2 is by Shao et al. [5]. It
consists of 37050 sub-sources with M, = 5.75 x 10?2 Nm, which corresponds to
slightly higher M,, = 9.11.

It is of interest that the PS2 source model clearly yields the strongest synthetic
signal for the most of the modes although the moment magnitude M, of all the
source models except PS3 are higher. The reason is that its rake (slip) of 68°
is rather anomalous in comparison with the other models. A detailed analysis of
individual mode spectra is in Fig. 1.3, where the data and five synthetic calculations
are shown. Moreover, the frequencies of the degenerate multiplets calculated by
our code as well as by the Mineos software package (Masters, 2010) for the PREM
model are written in the panels; the agreement between these two approaches is very
gOOd. Individual modes OSO, 082, 0837 084, 085, 0867 OS7 and OSg7 that are clearly
separated in the spectrum, are captured by synthetic calculations very well.

The frequencies close to 0.95 mHz, where the mode triplet 35:-25,-153 occurs,
require a special attention, see Fig.[4.4l The coupling of the modes slightly influences
the frequencies (Zirn et al., 2000) but we have not incorporated this effect into this
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Figure 4.3: Vertical acceleration amplitude spectra of fundamental modes after the
March 11, 2011, Tohoku earthquake calculated for the three point sources PS1, PS2,
PS3 and two finite sources FS1 and FS2 and compared to the observed SG signal. The
symbols fpp and fyrg denote the unperturbed eigenfrequencies of the spherical PREM
model calculated by means of our finite-difference approach and by the MINEOS software
package (Masters, 2010), respectively. The Hann filter and the Fourier transform were
applied to 137-hour time series.

study. Further details about the mode coupling can be found in, e.g., Dahlen and
Tromp (1998) and Widmer-Schnidrig and Laske (2007). The mode 5Ss is very weak
and can be ignored, similarly to the oscillations studied in Okal and Stein (2009).
This is the reason why it is not shown in Fig. 4.4, The calculated amplitude spectrum
of the mode ;S3 fits well the data peak at 0.935 mHz, which is caused by the splitting
of this mode. However, it strongly underestimates the observed main peak of data
at 0.945 mHz. Such a difference can easily be explained by a signal from the mode
391, that clearly plays a dominant role in this triplet.

In order to evaluate quantitatively the fit of particular modes, we integrated their
amplitude spectra over the frequency bands, where synthetic signals of individual
modes are effectively non-zero. A relative fit to the data is summarized in Table
No source model can be preferred for all the modes but the total power of the studied
modes is best fit by the point-source models PS1 and PS3, the geometries of which
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Figure 4.4: Vertical acceleration amplitude spectrum of the triplet 3S1-952-1S3 after
the March 11, 2011, Tohoku earthquake calculated for the three point sources PS1, PS2,
PS3 and the finite source FS1 and compared to the observed SG signal. The synthetic
spectrum of the mode 2S9 is two orders of magnitude smaller and, therefore, not shown

here. The Hann filter and the Fourier transform were applied to 137-hour time series.

source model OSO QSQ 083 084 085 086 OS7 OSQ total
PS1 0.987 | 0.951 | 0.952 | 0.962 | 0.839 | 0.920 | 0.993 | 0.923 | 0.988
PS2 0.729 | 0.683 | 0.662 | 0.792 | 0.597 | 0.668 | 0.882 | 0.908 | 0.767
PS3 0.945 | 0.893 | 0.879 | 0.984 | 0.815 | 0.889 | 0.945 | 0.897 | 0.969
FS1 0.885 | 0.933 | 0.932 | 0.845 | 0.999 | 0.936 | 0.814 | 0.755 | 0.867
FS2 0.911 | 0.857 | 0.852 | 0.960 | 0.769 | 0.847 | 0.991 | 0.940 | 0.929

Table 4.1: The relative agreement between the synthetic calculations and the data for
the fundamental clearly isolated modes defined by 1 — ‘fdf Agdf — [s; Amdf‘ /sy Agdf
where A;, is the amplitude spectrum of models, A, is the amplitude spectrum of the
gravity data and J0f is the frequency width of the mode. The last column shows the
relative fit after integration over all eight chosen modes.

are very similar but whose magnitudes slightly differ. Nevertheless, the finite source
FS1 yields a satisfactory fit for the modes ¢Ss, ¢S3, 055, 05¢ and the finite source
FS2 produces a good fit to the modes ¢S4, ¢S7 and ¢Sg. Therefore, one can hardly
prefer any of the two solution groups.

4.5 Concluding remark

Employing the data from the superconducting gravimeter installed at the GOPE
station, we have demonstrated that, in general, the studied 2011 Tohoku earth-
quake source models obtained from surface waves generate synthetic signals that
are in a good agreement with the observed data. Whereas analysis of longest-period
normal-mode data of the 2004 Sumatra-Andaman earthquake resulted in an increase
of the early M, values (Okal and Stein, 2009), now the M, estimates seem to be
satisfactory. In this aspect, the 2011 Tohoku earthquake is similar to the 2010 Maule
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earthquake (Okal, EGU General Assembly, Vienna 2011). Note that a strong signal
of the degree-one mode 35 is clearly observed in the 3S1-59-1S3 triplet.
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Appendix

Spherical harmonic decomposition is commonly used to evaluate eigenfrequencies
and eigenfunctions of spherical models. In such a case the momentum and Poisson
partial differential equations that describe the spheroidal displacement and changes
of the gravity field of a prestressed self-gravitating elastic medium are rewritten into
the system of the three second-order ordinary differential equations,

AU + 2fU,g + (4’)7{’90 _angpr = BN “N> U, —

2
N 3u+ A
s A+ V, + ( Mrg - p(;ago> NV, = poF,, = —pownUn,
(4.1)
2 N A 2
v ey BNy et A (20 ) g P 2y
T 72 72 7 T
(4.2)
2 N 2 N
Frlzl + *F;l — 7Fn -+ 47TGp0 (U;l + *Un - Vn) = 07 (43)
r r r r

where r is the radius, py is the reference density, G is the Newton gravitational
constant, A\ and p are the elastic Lamé parameters, § = X + 2u, n is the degree of
the spherical harmonic decomposition, N = n(n+ 1) and the derivative in the radial
direction is denoted by f’ = df/dr. U,,V, and F, are the coefficients of spherical
harmonic expansions representing the spheroidal displacement vector and incremen-
tal gravitational potential, and w,, are the angular frequencies of free oscillations for
a fixed n.

We follow the finite-difference approach designed by Fornberg (1996), where
a pseudospectral accuracy of finite differences is reached by evaluating the unknowns
at the extrema of the Chebyshev polynomials. Note that in layered models, such
as the PREM, an independent Chebyshev grid is applied to each layer. Equations
(4.1)—(4.3), including boundary conditions, can then be rewritten into the unified
matrix form,

1

w2

(P-R)-Y =--}Y, (4.4)
where P and R are the matrices of coefficients depending on model parameters and
discretization, Y are eigenfunctions composed of the discrete values U, V,, and F,
and —w—lg are the eigennumbers. The discrete forms of the matrices P, R and the
vector Y are derived in Zdbranovd et al. (2009).

The PREM model is frequency dependent and its parameters that appear in
the formulas above are evaluated for a fiducial frequency w. Following Dahlen and
Tromp (1998), the slight shift of an individual mode frequency wy caused by isotropic

anelasticity can be incorporated by the formula
1 1 B
w=wy+ ;wOQ In (wp/w), (4.5)
where Q1 is the inverse quality factor.
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Splitting frequency perturbations of an isolated multiplet due to the effects of
the Earth’s rotation and hydrostatic ellipticity can be expressed as

Swm = w(a + bm + cm?), (4.6)

where m, —n < m < n, is the order. The term b arises from the first-order effect
of the Coriolis force and the terms a and ¢ arise from ellipticity and second-order

effects of rotation.
The vertical acceleration of an instrument can be written in the form

a(z,t) => Ayp(x)exp [ilwn (1 +a+bm+ cm2) t— l%t] : (4.7)
nlm

where the sum is over all multiplets defined by degrees n and overtone numbers I.
The coefficients A,;,,, are given by the moment tensor, a source-receiver geometry
and the eigenfunctions, and ;v, is the decay rate of each multiplet.
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Chapter 5

Constraints on the centroid
moment tensors of the 2010 Maule

and 2011 Tohoku earthquakes
from radial modes
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Abstract

Surface acceleration caused by the radial modes depends only on the M,, com-
ponent of the centroid moment tensor and on its depth assuming the isotropic com-
ponent to be negligible. The 7Sp-mode amplitude enables one to obtain a rela-
tively narrow interval of M,, values, whereas 1Sy-mode amplitude is more sensitive
to centroid depth. We have used these facts to analyze the 2010 Maule (Chile)
M,, = 8.8 and 2011 Tohoku (Japan) M,, = 9.1 earthquakes using PREM. Supercon-
ducting gravimeter data available within the framework of the Global Geodynamic
Project reveal that the M,, components of these earthquakes should be in the inter-
val 0.95-1.15 x 10?2 Nm (Maule) and 1.50-1.75 x 10?2 Nm (Tohoku), respectively.
Re-evaluation of the modal quality factors () is needed to obtain constraints on
M, self-consistently. The joint analysis of gravity data from both events yields
() = 5500 & 140 for the ¢(Sy-mode and ) = 2000 £ 80 for the 1Sy-mode. We were
not able to determine the quality factor of the 555 mode with an accuracy sufficient
to allow meaningful constraints (Q = 1120 + 270).
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5.1 Introduction

The source mechanism of the 2011 Tohoku M, = 9.1 earthquake was first shown
by rapid solutions published a few minutes and hours after the event [Nettles et
al., 2011 (abbreviated as PS1 in Fig. [5.2)); Polet and Thio, 2011 (PS2); Duputel et
al., 2011 (PS3); Hayes et al., 2011; Shao et al., 2011] and then studied in detail by
means of various seismic datasets: teleseismic and regional body and surface waves
[Koper et al., 2011; Yokota et al., 2011; Zhang et al. 2011] and strong motions
[Honda et al., 2011; Kurahashi and Irikura, 2011; Suzuki et al., 2011; Yoshida et al.,
2011]. Similarly, there are rapid solutions available for the 2010 Maule M, = 8.8
earthquake [Ekstrém and Nettles, 2010 (abbreviated as PS1 in Fig. ; USGS,
2010a (PS2); USGS, 2010b (PS3)] followed by further source-mechanism studies
[Delouis et al., 2010; Lay et al., 2010; Koper et al., 2012; Okal et al., 2012].

Moreover, a network of superconducting gravimeters publishes data within the
framework of the Global Geodynamic Project (GGP)[} These earthquakes (together
with the 2004 Sumatra earthquake) are thus the best instrumentally recorded giant
events in the history of seismology. We have used gravity data from superconducting
gravimeters to obtain radial mode amplitudes and to demonstrate how they con-
strain the M,, components of the moment tensor and centroid depths of the Maule
and Tohoku earthquakes.

5.2 Method

The acceleration of a spherically symmetric, non-rotating, anelastic Earth at a re-
ceiver located at x,(7,, V., ¢, ), that is excited by a moment-tensor source M situated
at xs(rs, Us, ps), is given by a superposition of spheroidal and toroidal modes,

a(Xy, Xs, t) = Y Ap(Xyr, Xs) cos(wyt) exp (_wmﬁ) . (5.1)
k 2Qk,
The coefficients A (Xy,Xs) are linearly proportional to the moment-tensor compo-
nents, and they depend on a source-receiver geometry and the mode eigenfunctions;
wy are angular frequencies and (), quality factors of the modes.
If we consider a part of the response caused by a radial (degree-zero) mode,
we can directly determine the coefficients Ay (x,,Xs) that are independent of the
horizontal coordinates [Dahlen and Tromp, 1998, Section 10.3],

U Us

AO(TM Ts) = Z; MTTU; + (M€9 + M¢>¢>) €r, (52)

TS
where the eigenfunction U and its derivative U’ are only radially dependent, U, =
U(r,), Us = U(rs), and M,,, Mgy and My, are diagonal spherical polar components
of the centroid moment tensor M.

If we take into account that the isotropic component of the source is negligible
[Kikuchi and Kanamori, 1994; Okal, 1996], i.e., M,, = —(Mps + My,), the sur-
face acceleration of a device caused by the radial modes depends on only the one
component of the moment tensor M,, and on the depth of the centroid,

a 2 S
Ag(ayry) = e (1+ 22 ) g (v - U) o, (5.3)

47 w?a Ts

thttp: //www.eas.slu.edu/GGP /ggphome.html
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where U, = U(a) and the free-air change in gravity due to the radial displacement
of the device is included, e.g. [Dahlen and Tromp, 1998]. Therefore, simultaneous
employment of several radial modes enables, in principle, one to determine not only
the M,, component of the moment tensor but also the centroid depth [Lundgren
and Okal, 1988]. The centroid represents a point source in space and time but
megathrust events are represented by finite-source solutions in many applications
where, e.g., dimension and/or directivity of the source play a role. We calculated
spheroidal modes up to 1.7 mHz also for the finite-source solution by Hayes et al.
[2011] and found that there are no significant effects if this finite source is replaced
by a suitable point source; see also [Zdbranovd et al., 2012, where finite-source
representations of the Tohoku event are taken into account. On the other hand, the
calculated modal amplitudes—and, subsequently, the constraints on the moment
tensor—depend on local values of elastic coefficients at the source, that is the clear
shortcoming of a point-source representation.

We calculate the eigenfrequencies and the eigenfunctions of the spherical equi-
valent-rock PREM [Dziewonski and Anderson, 1981], where the upper 3-km layer
of water is replaced by a 1.2-km-thick rock-layer with the same mass, by means
of our pseudospectral finite-difference matrix-eigenvalue approach [Zdbranovd et al.,
2009]. The frequencies and eigenfunctions of the degenerate multiplets evaluated by
our code for the PREM were tested by the Mineos software package.

If non-spherical corrections due to the rotation and ellipticity are considered in
this degree-zero case, only the frequencies of modes are slightly shifted, so formulas
f can again be used because each radial mode consists just of one singlet
[Dahlen and Tromp, 1998], and coupling with other modes is negligible [Davis et
al., 2005]. Moreover, Rosat et al. [2007] showed that for a three-dimensional ro-
tating elliptic Earth model, the difference between theoretically predicted minimum
and maximum amplitudes of the ¢Sy mode reaches only 2%; therefore, we assume
that excitation is almost independent of source-station horizontal geometry, and we
averaged observed signals from different stations to suppress the noise.

5.3 Data analysis and results

The data for the Maule (32 days) and Tohoku (20 days) earthquakes are freely
available on the GGP web pages. Only the stations shown in Fig. [5.1 were employed
because the time series available from other stations were either too short or affected
by gaps and/or steps. A high-pass Butterworth filter (above 0.1 mHz) was used to
remove local tides from raw gravity data (sampled at 1 s) corrected for atmospheric
effects using locally recorded atmospheric pressure data and a nominal admittance
factor of —3 nm/s?/hPa.

Figs. and demonstrate the constraints on the M,, component of the
moment tensor and the depth of the Maule M, = 8.8 and Tohoku M, = 9.1
earthquakes obtained from the amplitudes of Sy and 1.5y. They are clearly isolated
in the spectrum, and the level of observed noise is low (see the mode amplitudes in
Figs. and . A Hann taper and Fourier transform were applied to averaged
data signal and synthetic calculations. The synthetic solutions were found by a grid
search in depth with 1-km step, using the fact that dependence of amplitude on the
M., parameter is linear for a fixed depth.
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Figure 5.1: The triangles represent the SG sites used in this study. Red ones were
employed for both events, white only for the 2010 Maule earthquake and yellow only for
the 2011 Tohoku earthquake.

The quality factor @) is a key parameter, and its value used in synthetic calcu-
lations can substantially influence the results. For example, Riedesel et al. [1980]
found that @ is between 5600 and 5833 for the ¢Sy mode and between 1850 and
1960 for the 1.5) mode. Lower values for the 4SSy mode were reported by Roult et
al. [2006] (5489), Xu et al. [2008] (5400) and Okal and Stein [2009] (5579), who,
on the other hand, obtained a higher value (2017) for the 1.5y mode. We analyzed
gravity data from the Maule and Tohoku earthquakes (32- and 20-days long records,
respectively, for ¢Sy, 13-days long records for 1.5y and 5-days long records for S5)
using several shifted time windows and the fact that Q= = T'/(7At) In % for each
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Figure 5.2: Dependence of the M, Figure 5.3: Dependence of the M., com-

component of the centroid moment tensor ponent of the centroid moment tensor on
on the centroid depth from the ¢Sy and the centroid depth from the ¢Sy and 1.5p
159 amplitudes for the 2010 Maule earth- amplitudes for the 2011 Tohoku earth-
quake. For each mode, the interval cor- quake. For each mode, the interval cor-
responding to + one standard deviation responding to + one standard deviation
of amplitude-spectra and quality factors is of amplitude-spectra and quality factors is
drawn. Stars denote published point-source drawn. Stars denote published point-source
solutions (PS1, PS2 and PS3). solutions (PS1, PS2 and PS3).
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050 150
760h 450h 350h 190h 170h 150h
Maule 1.5 1.7 1.7 3.3 3.5 3.7
Tohoku X 1.3 1.5 3.0 2.9 2.9

Table 5.1: The lengths of employed time windows and corresponding amplitude-spectra
standard deviations (percents) for the two radial modes.

record, where T is period of a mode and At is time shift between time windows
used to calculate spectral amplitudes A,.; and A. We found ) = 5500 % 140 for the
050-mode, @ = 2000 £ 80 for the 1Sp-mode and @) = 1120 £ 270 for the 5S5-mode.
259 would confine the depth even more than the 1Sy mode if the ) factor were
determined with a similar accuracy. However, the relative error is so high that we
have not been able to use this mode as another meaningful constraint.

In the case of Maule, we have employed three time series lasting up to 32 days
for 1Sy and three time series up to 8 days for 1Sy to determine mode amplitudes as
specified in Table In the case of Tohoku, such long data sets are not available,
and we were left with 20-day records. For each time window the standard deviation
expressed in percents about averaged amplitude was calculated from the amplitudes
obtained from individual station records.

The depth-dependence of M, obtained from the (Sy-mode-amplitude calcula-
tions is weak (jumps at depths of 13 and 22 km are caused by jumps in the radial
derivatives of the mode displacement on the corresponding structural interfaces of
the equivalent-rock PREM) and this mode thus confines the M,, magnitudes into
relatively narrow bands of 0.95-1.15 x 10*2 Nm for the Maule earthquake and 1.50—
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Figure 5.5: Vertical acceleration amplitude
spectra of the modes ¢Sy and 15y from the
averaged SG data (red) and the three syn-
thetics: T1 (green, depth 13 km; M,, =
1.60 x 102 Nm), T2 (black, depth 18 km;
M, = 1.69 x 10*2 Nm) and T3 (blue, depth
29 km; M,, = 1.60 x 10?2 Nm) for the
2011 Tohoku earthquake. A Hann filter and
Fourier transform were applied to 450- (170-)
hour time series.

Figure 5.4: Vertical acceleration am-
plitude spectra of the modes ¢Sy and 1.5¢
from the averaged SG data (red) and the
two synthetics: M1 (green, depth 21 km;
M, = 1.055 x 10?2 Nm) and M2 (black,
depth 44 km; M,, = 1.025 x 10?2 Nm)
for the 2010 Maule earthquake. A Hann
filter and Fourier transform were applied
to 450- (170-)hour time series.
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1.75 x 10?2 Nm for the Tohoku earthquake. On the other hand, the solution band
produced by the 15y mode is more depth-dependent, and it demonstrates that cen-
troid depths should be located in the lower crust or just below the Moho for the
Tohoku event but might be deeper for Maule.

Figs. 5.4 and [5.5] demonstrate an agreement in the amplitude spectra between
the averaged SG data and the synthetics. We use 450-hour (0Sp) and 170-hour
(150) time series. Fig. shows two solutions (M1 and M2) at the depths 21 km
(M,, = 1.055 x 10?2 Nm) and 44 km (1.025 x 10*> Nm) for the Maule earthquake.
Fig.|5.5|shows three solutions (T1, T2 and T3) at the depths 13 km (1.60 x 10*2 Nm),
18 km (1.69 x 10?2 Nm) and 29 km (1.60 x 10> Nm) for the Tohoku earthquake.

5.4 Conclusions

We have re-evaluated the quality factor @ of the (Sp-mode (¢ = 5500 & 140) and
the 1Sp-mode (@ = 2000 + 80) and demonstrated that M,, of the 2010 Maule
and 2011 Tohoku earthquakes should fall within the intervals 0.95-1.15 x 10?2 Nm
and 1.50-1.75 x 10?2 Nm, respectively, to yield the observed 4S;-mode amplitude.
Moreover, the 1.5y mode provides constraints on the centroid depth. From the three
rapid centroid solutions shown in Figs. and [5.3] only the PS1 M,, component
lies in the intervals mentioned above. The PS2 value is close to the upper limit for
the Maule earthquake and clearly overestimates the Tohoku event. On the other
hand, the PS3 value slightly underestimates the first event and overestimates the
second earthquake. That these constraints on the M,.. component are not, in general,
satisfactorily fulfilled, can be explained by the fact that radial modes are rather weak,
as the non-diagonal moment-tensor terms dominate in the corresponding source
solutions. Therefore, the weights of M., in full moment-tensor-waveform inversions
are relatively small.
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Abstract

After the 2010 Maule and 2011 Tohoku earthquakes the spheroidal modes up to
1 mHz were clearly registered by the Global Geodynamic Project (GGP) network
of superconducting gravimeters (SG). Fundamental parameters in synthetic calcu-
lations of the signals are the quality factors of the modes. We study the role of
their uncertainties in the centroid-moment-tensor (CMT) inversions. First, we have
inverted the SG data from selected GGP stations to jointly determine the quality
factors of these normal modes and the three low-frequency CMT components, M,,,
(Mygy — M,,)/2 and My, that generate the observed SG signal. We have used
several-days-long records to minimize the trade-off between the quality factors and
the CMT but it was not eliminated completely. We have also inverted each record
separately to get error estimates of the obtained parameters. Consequently, we have
employed the GGP records of 60-hrs lengths for several published modal-quality-
factor sets and inverted only the same three CMT components. The obtained CMT
tensors are close to the solution from the joint Q-CMT inversion of longer records
and resulting variability of the CMT components is smaller than differences among
routine agency solutions. Reliable low-frequency CMT components can thus be
obtained for any quality factors from the studied sets.

Keywords: Normal modes, superconducting-gravimeter data, quality factors, CMT
inversion
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6.1 Introduction

CMT inversions of giant earthquakes in the frequency range below 1 mHz are based
on normal-mode calculations where fundamental parameters are the quality factors
of the modes. Although free oscillations of the Earth have been observed for decades,
precise determination of the ultralong-period-mode quality factors is still discussed
(e.g., Roult et al., 2006; Okal and Stein, 2009; Tanimoto et al., 2012; Deuss et
al., 2013; Ding and Shen, 2013). The modal quality factors can be estimated di-
rectly from the observed signal attenuations. Very long high-quality records are
needed because multiplet splitting into singlets of near frequencies causes compli-
cated decrease of signal amplitudes with time, but continuous non-disrupted SG
records lasting several weeks are rather rare. Determination of ultra-long-period-
mode-singlet attenuations from SG and seismic data yields relatively broad ranges
of values (Ding and Shen, 2013), probably due to the noise in available signals.
However, in quasi-spherical approximation, when only splitting due to the Earth ro-
tation and ellipticity is considered, the quality factors of individual singlets should
be very close (e.g., Dahlen and Tromp, 1998).

The other way how to obtain the modal quality factors is, therefore, based on
an inversion procedure when calculated synthetic signals are compared with the ob-
served data provided one quality factor for all singlets of a mode is to be determined.
Synthetic calculations cannot be performed without a model of earthquake source
which should thus be simultaneously added into the inversion procedure to obtain
self-consistent results.

Here we first deal with the problem of joint determination of both the modal
quality factors and the CM'T components from the spheroidal-mode observations up
to 1 mHz. Since they are isolated in the spectrum, influence of mode couplings and
3-D structures to amplitude spectrum is not substantial (e.g., He and Tromp 1996),
it is sufficient to calculate multiplets splitting due to the rotation and ellipticity. The
observations after the 2010 Maule and 2011 Tohoku earthquakes within the GGP
framework provide high-quality data that exhibit lower noise level in submilihertz
frequency range than broadband seismometer data; detailed discussion can be found
in, e.g., Ferreira et al. (2006).

Ultralong-period-normal modes were employed in several earthquake-source stud-
ies (e.g., Okal and Stein, 2009; Okal et al., 2012; Okal, 2013; Tanimoto and Ji, 2010;
Tanimoto et al., 2012) to reveal potential ultraslow components to the seismic source
of giant earthquakes by evaluating low-frequency estimates of the scalar moment
My when the strike, dip and rake were fixed in agreement with the Global CMT
double-couple-focal mechanisms. The one parameter was thus inverted using a pri-
ori estimates of the remaining source parameters (and quality factors). It is clear
that such an approach stabilizes inversion of M, but the question arises whether
the influence of errors in determination of the strike, dip and rake (Duputel et al.,
2012; Tanimoto et al., 2012; Valentine and Trampert, 2012) is negligible. Moreover,
potential usage of very long records (up to several weeks) require precise knowledge
of the modal quality factors.

Zabranova et al. (2012) obtained the M,, component of the moment tensor by
inverting the amplitudes of radial modes observed after the 2010 Maule and 2011
Tohoku earthquakes by the GGP stations. Again, they had to re-evaluate quality
factors of the employed modes to obtain self-consistent results. Since the radial
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modes are not split, their quality factors can be obtained directly from the records;
thus, this source inversion can be done independently and used as a benchmark
for the most influential M,, component. For this reason we do not incorporate the
radial modes into this study.

Here we show that vertical acceleration of the studied spheroidal modes generated
by shallow earthquakes is sensitive to the three components of the CMT, assuming
the isotropic component of the source to be negligible: the diagonal terms of the
CMT, M,, and (Mgy—M,,)/2, and its J-¢ component My, see eqns. — and
Table below. Quite recently, Bogiatzis and Ishii (2014) tried to invert the whole
CMT tensor from the analysis of 15 modes observed by the Global Seismograph
Network after the 2011 Tohoku earthquake but the M,y and M, components were
not resolved. We demonstrate that the three resolvable CMT components can be,
in principle, obtained simultaneously with the quality factors of the modes in a joint
inversion procedure utilizing long SG records. However, there is still a trade-off
between the quality factors and the M,, component of the CMT. Therefore, we deal
also with the CMT inversion from short SG records where influence of quality-factor
uncertainties is more suppressed.

6.2 Synthetic calculations of SG signals

The total ground acceleration at x,(r,, 9., ¢, ), excited by a source situated at
Xs(7s, Vs, 0s), is given by a superposition of spheroidal and toroidal modes,

a(x,,Xs,t) = Re ZAk(Xr,XS) exp <iwkt — wﬂ)] , (6.1)
K 2Qy,

where index k contains all degrees (angular order), overtones (radial order) and
singlets (azimuthal order), wy, are angular frequencies and @, are quality factors of
the modes.

The coefficients Ay (x,,xs) are linearly dependent on M : ej(xs)sk(x,), where
M is the source moment tensor, e, = % {Vsk + (Vsk)T} is the strain and sj(xg)
and si(x,) are eigenfunctions evaluated in a source and a receiver location, respec-
tively. We included the potential-perturbation, free-air and tilt to model a realistic
device response (Dahlen and Tromp, 1998), as well as the Earth ellipticity and ro-
tation leading to multiplets splitting (Dahlen and Sailor, 1979), and calculated the
coefficients Ay (x;,Xs) using the formulas that are given explicitly for splitting of
an isolated multiplet (Dahlen and Tromp, 1998; Chapter 14.2 and Appendix D1).
We calculate the eigenfrequencies and eigenfunctions by our pseudospectral finite-
difference matrix-eigenvalue approach (Zabranova et al., 2009) applied to the spheri-
cal equivalent-rock PREM (Dziewonski and Anderson, 1981), where the upper 3-km
layer of water is replaced by a 1.2-km-thick rock layer with the same mass. We
thus keep the mass of the Earth and avoid calculations in a thin water layer at the
surface.

Assuming negligible isotropic component of the source we decompose the moment
tensor M = (M., Myg, Moy, My, My, My,), where M,,,...,My, are its spherical
components, into five suitable base moment tensors,

Myy — M

M=M,G; + %GQ + M,sGs + MT¢G4 + M§¢G5 , (62)
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where

G, = (1,-1/2,—-1/2,0,0,0) ,

G, = (0,1,-1,0,0,0) ,

G; = (0,0,0,1,0,0) , (6.3)
G, = (0,0,0,0,1,0) ,

Gs; = (0,0,0,0,0,1) .

We use this representation of the CMT to distinguish between the CMT compo-
nents that are able to generate strong vertical acceleration and those of negligible
influence. Relative strengths of signals produced by the base moment tensors for the
centroid depth of 20 km are shown in Table . The M,y and M,, components do
not generate any significant vertical acceleration, i.e., tangential stress vanishes near
the surface (see also, e.g., Dziewonski et al., 1981; Ferreira and Woodhouse, 2006;
Bukchin et al., 2010; Bogiatzis and Ishii, 2014). The mode (S, is generated mainly
by M,.,., and its sensitivity to the remaining components is weak. Nevertheless, the
other modes are sensitive also to (Myy — M,,)/2 and My,, and these two compo-
nents can thus be inverted together with M,,.. Note that the signal generated by
G3 and Gy raises with the source depth and, in principal, full CMT of the deepest
earthquakes could be achieved from the SG-data inversion.

relative strength of signals
Gy G G Gy G
052 0.907 0.045 0.0015 0.0015 0.045
053 0.670 0.165 0.0000 0.0000 0.165
0S54 0.589 0.204 0.0010 0.0010 0.205
1Sy 0.404 0.282 0.0159 0.0159 0.282
095 0.553 0.221 0.0024 0.0024 0.221

Table 6.1: The ratios between maximal |Aj| of vertical acceleration around the globe
for individual base moment tensors and maximal amplitude of a signal generated by the
sum of all 5 base moment tensors located at the 20-km depth.

6.3 Determination of quality factors from GGP
data and the CMT inversion

We have used GGP data sets registered at the stations AP, BH (averaged from three
sensors), CA, CB, CO, ME, PE, WE (averaged from two sensors) after the 2010
Maule earthquake and AP, BH (averaged from three sensors), CA, CB, CO, ME,
OS, PE, ST, after the 2011 Tohoku earthquake having neither gaps nor steps in the
recordings and with only weak signals from aftershocks (Fig.[6.1]). We have averaged
the signals from several sensors located at one station to suppress the noise level
and not to increase the weight of such a station in the inversion. After correcting
raw gravity data (sampled at 1 s) for atmospheric effects using locally recorded
atmospheric pressure data and a standard barometric admittance of —3 nm/s?/hPa
(Hinderer et al., 2007), we apply a high-pass Butterworth filter (above 0.1 mHz) to
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Figure 6.1: GGP stations used in this study.

remove local tides. In the studied frequency band, superconducting gravity data are
less noisy than seismometer data (e.g., Ferreira et al., 2006), but they provide only
the vertical component of oscillations.

The quality factors ) of individual modal multiplets are key parameters, and
their values used in synthetic calculations can substantially influence the results.
We determined the (Js by their simultaneous inversion together with the three CMT
components M,,, (Myy — M,,)/2 and My,. In all calculations two “low-sensitive”
remaining components of M were fixed on the Global CMT solution, i.e. M,y =
0.23 x 10* Nm, M,, = —1.51 x 10?* Nm for the 2010 Maule earthquake (Ekstrom
and Nettles, 2010) and M,y = 2.12 x 10** Nm, M,, = 4.55 x 10?2 Nm for the
2011 Tohoku earthquake (Nettles et al., 2011). It is clear from Table that such
a choice of M,y and M, influences amplitudes of all studied fundamental modes
negligibly when the remaining components of the CMT are of the same order. The
overtone 195 is the only exception but still these two components generate much
weaker 155 signal than the remaining considered components of the CMT. Since the
total amplitude of this overtone is about one order of magnitude smaller than the
amplitudes of the other modes, its role in the CMT inversion is very small.

T[] Qo 1 Q2 Qs Qo T/2 [h]
099 3234 510 496 &+ 16 525 477 + 177 230
0953 2135 417 409 £ 11 380 405+ 14 124
0S4 1546 373 394 +£ 27 365 373+ 9 80
095 1190 356 350 &= 16 350 364 + 5 59

Table 6.2: Periods T of the modes, their quality factors () used in this study and optimal
lengths of the signals according to Dahlen (1982). @y was calculated from the PREM, Q1
is our estimate contained by averaging over 4 inversion results: inversions started from
the Q-values of the PREM and were performed for the centroid depth of 10 and 20 km
for the 2010 Maule (20 and 30 km for the 2011 Tohoku) earthquake, Q2 was estimated by
Tanimoto et al. (2012) and Q3 by Deuss et al. (2013).
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We define the misfit function calculated for each station s and each mode m
as the square of the difference between the data and synthetic-signal-amplitude
spectra averaged over a narrow frequency range 9 f,, covering all singlets, where the
amplitudes are above noise level, i.e. we minimize the functional

S [ (A0 - AV ar

where A@ (A(9)) is the amplitude spectrum of the data (calculated synthetic signal).
We do not employ the phase spectra since they are sensitive to the source finiteness
and duration, noise and aftershocks (Lambotte et al., 2007; Bogiatzis and Ishii,
2014). We calculated the misfit from the optimal record lengths according to Dahlen
(1982), see the last column in Table , derived for the case when amplitudes for
the retrieval of source mechanism and the Hann taper for spectra calculations are
utilized. All records started two hours after the origin time of the earthquakes and
the synthetic calculations were performed for the two centroid depths, see Table (6.3

We have used two-step iterative inversion procedure starting from the Q)-values
of the PREM: in the first step all quality factors are fixed and the three CMT
components are inverted, in the second step the obtained CMT is fixed and the
quality factors are inverted. The first step is then repeated with the new quality
factors, then we continue with the second step etc. The convergence is very fast and
only several loops (up to ten) of both steps are needed to reach misfit minimum.
Note that we use grid-search in both steps with higher accuracy than 10** Nm in
the first step and 1 in the second step. Since the studied modes are isolated in the
spectrum, the quality factor of each mode can be inverted separately in the second
step. The first step could be solved as an linear inverse problem but the direct linear
problem is extremely fast and thus this straightforward minimization method can
be easily implemented.

Obtained quality factors in our inversion procedure are almost independent of
changes in the source depth and the choice of the earthquake. Fig. shows the
amplitude spectra of synthetic and measured signals averaged by the time-window
lengths to demonstrate data fitting reached in our inversion procedure. We obtained
excellent fit for the modes (.53, 953 and ¢S5 but worse results for the mode (S,.

centroid depth M,, (Mgy — Myy,)/2 My,
[km] [10%2 Nm] [10%2 Nm] [10%2 Nm]
2010 Maule
20 1.10 + 0.01 0.55 4+ 0.19 —0.09 £ 0.09
30 1.05 + 0.01 0.54 4+ 0.20 —0.10 4+ 0.09
2011 Tohoku
10 1.61 4+ 0.02 0.63 £ 0.16 —0.52 £ 0.10
20 1.70 4+ 0.02 0.60 4+ 0.17 —0.56 £+ 0.10

Table 6.3: The CMT components obtained from the joint inversion with the quality
factors of the records from the stations AP, BH, CA, CB, CO, ME, PE, WE (2010 Maule)
and AP, BH, CA, CB, CO, ME, OS, PE, ST (2011 Tohoku), see Fig. and (1 in

Table
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Figure 6.2: Vertical acceleration amplitude spectra of the studied modes from the SG
data (red) and synthetics (green) after the 2010 Maule (left panel) and 2011 Tohoku (right
panel) earthquakes. The synthetic signal was calculated for the solution of joint inversion
at the depth 20 km (10 km) for the Maule (Tohoku) earthquake. A Hann filter and
Fourier transform were applied to the time series of the length shown in the last column
of Table starting 2 hrs after the origin times and averaged by the length of the time
windows.

In order to estimate the errors of our inversion procedure, we performed single-
record inversions and then calculated the standard deviations of inverted parameters
from the resultant set of these individual inversions. We first determined the quality
factors from the records separately for each station (fixing the CMT components on
all-station inversion values) and then obtained the CMT independently for each
station (fixing the quality factors on all-station inversion values).

In Table [6.2] we compare our () values of fundamental modes averaged over per-
formed inversions for both earthquakes with the results obtained by Tanimoto et al.
(2012) from cross-correlations in the time domain, by Deuss et al. (2013) performing
splitting function inversions, as well as with those from the PREM (Dziewonski and
Anderson, 1981). The fundamental-mode-quality factors of the PREM and almost
all of Deus et al. (2013) lie within the obtained confidence interval but the results
of Tanimoto et al. (2012) differ more. The highest standard deviation was obtained
for the mode (S; which corresponds to the problems with its fit as demonstrated
in Fig. [6.2l We also tried to determine the quality factor of the mode ;S5 and
attained its reasonable value of () ~ 310 for the 2010 Maule earthquake but most
of individual-station inversions of this quality factor were unstable; therefore, we
were not able to obtain standard deviations. Moreover, the data for the Tohoku
2011 earthquake exhibit much higher values (@) > 340). These two analyses are not
consistent, and we decided not to deal with this mode.

The review of the obtained CMT components is in Table [6.3; we used Global
CMT source location. Our M,, component for the 2011 Tohoku earthquake is in
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good agreement with the recently published low-frequency-normal-mode inversion
based on Global Seismographic Network data, see Table in Bogiatzis and Ishii
(2014), but the remaining components are in better agreement with the Global
CMT solution (Nettles et al., 2011), the USGS CMT solution (Polet and Thio,
2011) as well as the USGS Wphase solution (Duputel et al., 2011). Note that the
dependence on a source depth (mainly that of the component M,,) is primarily
due to the changes of the model elastic parameters. On the other hand, inversions
of individual records yield almost identical values of the M,, component for fixed
depths that are, moreover, in a very good agreement with the M,.. estimates obtained
from the radial mode ¢Sy inversion, see Zabranova et al. (2012).

Q Q Q Q

M, [10%2 Nm]

0.0090 0.0030 0.0032 0.023 0.0080 0.0085

Q Q Q Q

M, [1022 Nm]

0.0082 0.0084 0.0028 0.0030 0.0028 0.0030 0.0056 0.0058 0.0060

Figure 6.3: Relative misfits of individual modes for the 2010 Maule (upper panel) and
2011 Tohoku (lower panel) earthquakes for the centroid depth of 20 km showing the
trade-off between the M, component and quality factors of the modes. The components
(Myy — Myy,)/2 and My, were fixed on their values from Table and the stars denote
our solutions presented in Tables and The contour intervals are the same in all
panels of a row but the colour scales are different.

In order to study potential trade-off between the CMT components and the
quality factors, we chose the quality factors by Tanimoto et al. (2012) and Deuss et
al. (2013) in the role of starting models and repeated the simultaneous inversion of
all records. The results obtained from the joint inversions starting from the different
quality factors lie within the confidence intervals obtained in the inversion starting
from the PREM quality-factor set ()9. Then we computed the CMT components
for the fixed quality-factor sets (Qo—Q3) for both the 2010 Maule and 2011 Tohoku
earthquakes assuming the depth of 20 km. The lowest values correspond to the (g
quality factors (M,, = 1.06 x 10> Nm for 2010 Maule; M,, = 1.70 x 10?2 Nm for
2011 Tohoku) and the highest values correspond to the Qs quality factors (M,, =
1.11 x 10% for 2010 Maule; M,, = 1.77 x 10? for 2011 Tohoku). The spans of the
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remaining two CMT components are within the confidence intervals. The trade-off
between the quality factors and M,, is demonstrated in Fig. One can clearly
recognize that an increase of the M, component is connected with decreases of the
quality factors and the “minima valleys” are shallow. Since the trade-off between the
CMT and quality factors complicated the joint Q-CMT inversion although relatively
long records were utilized, we will continue with the CMT inversion of short records
fixing the quality factors.

6.4 CMT inversion from short time series for fixed
quality factor sets

We will demonstrate now that relatively short SG records can be employed to obtain
reasonable low-frequency CMT parameters provided the quality factor set is fixed
on “"reasonable” values. From the point of view of mode-amplitude attenuation
with time, the optimal length of a signal to determine the amplitude of a mode is
given by its ) multiplied by half of the period (Dahlen, 1982). Therefore, when all
studied modes are used in the inversions together, it is important to employ signals
where neither of the modes is too much attenuated. This is the reason why we used
only 60 hr-long signals; the Hann taper and Fourier transform were applied to the
time series starting again two hours after the earthquake-origin time. In principle,
even shorter records could be employed but too short time series would not lead to
narrow spectral peaks and an approach in the time domain would have to be applied
(Tanimoto et al., 2012).

We have inverted three “sensitive” components of the moment tensor M,.., (Mgy—
M) and My, again from the Lo-inversion with variable source depth. A depth-grid
search with 1-km stepping has been applied. The results of inversion are shown in
Fig.[6.4 For the 2011 Tohoku earthquake all inversions yield better misfit than the
reference Global CMT solution with the PREM Q-values, i.e., the re-evaluation of
the CMT components plays a substantial role in the misfit reduction. Moreover, our
new re-evaluation of the modal quality factors results in further misfit improvement.

M., (MW - Mw)/2 MW

(1022 Nm)] (1022 Nm] (1022 Nm]

2010 Maule

Qo 1.09 0.50 -0.11
1 1.10 0.50 -0.11
Q- 1.13 0.53 -0.13
Qs 1.11 0.54 -0.15
2011 Tohoku

Qo 1.73 0.74 -0.54
Q1 1.73 0.72 -0.53
Q> 1.78 0.78 -0.53
Q3 1.75 0.79 -0.51

Table 6.4: Components of the inverted CMT located in 20-km depth from 60-hrs-long
records.
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Figure 6.4: Dependence of the M,.,, (Myy—My,,)/2 and My, components of the centroid
moment tensor on the centroid depth obtained from the inversion of vertical acceleration
of the spheroidal modes up to 1 mHz for four sets of @ (red Qp, green @i, blue Q2,
orange ()3). The left (right) panel is for the 2010 Maule (2011 Tohoku) earthquake. Stars
denote published point-source solutions: Global CMT solutions (Ekstrém and Nettles,
2010; Nettles et al., 2011) (PS1), USGS CMT solutions (Maule!; Tohoku: Polet and Thio,
2011) (PS2), USGS Wphase solutions (Maule?; Tohoku: Duputel et al., 2011) (PS3). The
last panel shows the relative misfits of inversions as functions of depth normalized by the
misfits of the solution PS1 calculated for the PREM quality factors.

However, the misfits for the 2010 Maule earthquake were not improved. The prob-
able reason is that the fit of the mode (5, in the case of the 2010 Maule earthquake
is poor for any choice of the quality factors and most of the misfit is thus created
by this mode as shown in Fig. [6.5] The source of this misfit remains unclear but
comparing Figs. and one can see that the mode (.5, misfit is lower for shorter
time windows. The dependence of the misfit on source depth is rather weak up to
30 km and it gets worse for higher depths for both earthquakes. In principle, it con-
firms the already published results showing that the centroid was located at shallow
depths. The values for the centroid depth 20 km are summarized in Table they
are in good agreement with the values in Table [6.3]

The inversion of M,.,. from the rather short 60-hr signal is only slightly influenced
by considered choices of quality factors, and the resultant differences are smaller than
differences of the published CMT solutions that are used here for comparison. The
Global CMT solution PS1 yields the M,, component in very good agreement with
our inversion. This agreement confirms the analyses of frequency dependence of
the scalar moment showing that there were no slow components of the two studied
earthquake sources (Tanimoto et al., 2012; Okal, 2013). Moreover, there is a good
agreement with the independent results of Zébranova et al. (2012) where the value
of M,, was obtained directly from the radial modes. Note that M,.. is clearly depth-
dependent since it is influenced mainly by the shear-modulus profile. The moment-
tensor-diagonal term (Myy — M,,)/2 as well as the My, component are determined
well for all the studied quality factor sets. It is of interest that the results of inversions
of these two components are almost independent of the choice of the quality factors,
and they exhibit sensitivity to the centroid depth for the 2011 Tohoku earthquake.

Thttp:/ /earthquake.usgs.gov/earthquakes/eqinthenews/2010/us2010tfan /neic_tfan_cmt.php
Zhttp://earthquake.usgs.gov/earthquakes/eqinthenews/2010/us2010tfan /neic_tfan_wmt.php
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Figure 6.5: Vertical acceleration amplitude spectra of the studied modes from the SG
data (red) and synthetics (green) after the 2010 Maule (left panel) and the 2011 Tohoku
(right panel) earthquakes. The synthetic signal was calculated for the optimal CMT
solution at the depth 20 km (10 km) for the Maule (Tohoku) earthquake when the quality
factors were fixed at the @ values from Table [6.2] A Hann filter and Fourier transform
were applied to the time series of 60-hrs length starting 2 hrs after the origin times and
averaged by the length of the time window.

Fig. shows modal-amplitude attenuations with shifts At of different time
windows (last column in Table applied to the superconducting-gravimeter and
synthetic data after the 2011 Tohoku earthquake for mechanisms shown in Table[6.4]
Deviations of the real data from the synthetic curves appear at “critical-time shifts”
when modal amplitudes are so small that the role of noise in the signal becomes sub-
stantial. Combining these “critical-time shifts” for data from fifteen records with
the used lengths of time windows, one can clearly see that maximal length of the
signal undisturbed by the noise is only about 200 hrs for the modes ¢S4 and (¢S5
and 280 hrs for the modes (S5 and ¢S;. These numbers are only illustrative for
this particular earthquake as signal/noise ratio depends on earthquake parameters
and the station quality. Nevertheless, we think that they represent typical maxi-
mal lengths of the signals from the GGP network that can be used for individual
modes after megathrust events. Naturally, one can omit “more noisy” stations to
obtain an agreement between data and the synthetics for longer times. This figure
clearly demonstrates that applications of very long records, used to determine qual-
ity factors of individual singlets, can be affected by noise. On the other hand, if
we do not deal with clear separation of multiplets into singlets, e.g., when only the
low-frequency components of the CMT are determined, relatively short records are
sufficient and they have excellent signal/noise ratio.
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Figure 6.6: Decadic logarithm of the powers (DLP) of the studied modes (integral
over narrow frequency range covering all singlets for each mode) with time shifts of time
windows applied to the data (black lines) and synthetic signals after the 2011 Tohoku
earthquake calculated for the four sets of quality factors (red @, green @i, blue Q2,
orange 3) and for the CMT values from Table All powers are normalized by the
powers of data for the time shifts At = 0, i.e. time windows starting 2 hrs after the origin
time. Lengths of time windows are written in the last column of Table The slope of
the curves for synthetic data corresponds to the values of the quality factors. Since the
modal multiplets consist of several singlets with slightly different frequencies, the curves
are oscillating.

6.5 Conclusions

In several studies (e.g., Okal and Stein, 2009; Okal et al., 2012; Okal, 2013; Tanimoto
and Ji, 2010; Tanimoto et al., 2012) ultralong-period normal modes were employed
to determine only one low-frequency source parameter of giant earthquakes—the
scalar moment My—assuming double-couple focal mechanism and fixing the three
remaining parameters (dip, strike and rake) by means of values chosen a priori from
independent studies. It is well known that there is a trade-off between these pa-
rameters; the choice of the dip, strike and rake thus also influences the obtained
value of the scalar moment M,. We demonstrated here the three low-frequency
components—»M,,., (Mgy — M,,)/2 and My,—can be obtained from SG records
after the 2010 Maule and 2011 Tohoku earthquakes assuming that the isotropic
component of the CMT is negligible, and dealt with their trade-off with the quality
factors of the modes. For shallow earthquakes sensitivity of data to the two remain-
ing components—»M,y and M,,—is very weak, these components cannot thus be
inverted from the used data, and the results are independent on their choice made
a priori (cf. Dziewonski et al., 1981; Ferreira and Woodhouse, 2006; Bukchin et al.,
2010; Bogiatzis and Ishii, 2014).
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We first performed inversion of quality factors jointly with the three studied
CMT components from long records of optimal lengths to obtain amplitudes for
each mode (last column in Table . The resulted modal quality factors are in
good agreement with the PREM values and the results published by Deuss et al.
(2013), however, they differ more from the results by Tanimoto et al. (2012). We
then inverted the CMT components fixing the quality factors on these published
values. The resultant span of the CMT values is smaller than mutual differencies of
the Global CMT, USGS CMT and USGS Wphase solutions.

The question thus arises whether it is necessary to use such long records. We thus
finally employed only 60-hrs long records and performed again the CMT inversions
for the fixed four quality factor sets shown in Table [6.2] The best solutions for
each quality-factor set are summarized in Table [6.4, They can be considered as the
low-frequency estimates of the CMT components independent of previous results
obtained in higher frequency ranges. The optimal centroid depth were located into
shallow depths and the differences of the obtained inversion results are again smaller
than the mutual differences of the published aganecy CMT solutions. Problem of
proper determination of the modal quality factors in inversion procedures of the
low-frequency CMT of giant earthquakes utilizing relatively short records can thus
be omitted and the inversion can be, in principle, routinely performed for any of the
studied quality-factor sets.
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Conclusions and perspectives

In the methodological part of this thesis we have demonstrated that the system of
partial differential equations that describes the free oscillations of the Earth can be
decomposed into the ordinary differential equations by spherical harmonic analysis
and directly discretized by means of finite-difference schemes with pseudospectral
accuracy. The original problem can thus be transformed to a series of matrix eigen-
value problems that can be solved by standard numerical routines. Using nume-
rical libraries for matrix spectral analysis, the eigenfunctions and eigenfrequencies
of the fundamental mode and corresponding overtones are simultaneously obtained
and a high accuracy up to a discretization limit is achieved. Eigenfrequencies and
eigenfunctions calculated from these discretized systems perfectly agree with those
obtained from the classical method, as represented by the Mineos software package
based on Runge-Kutta integration techniques.

In this decade, three megathrust events occurred (2010 Maule, 2011 Tohoku, 2012
Sumatra double event) that were also recorded by the network of superconducting
gravimeters within the Global Geodynamic Project. We have analyzed their records
and showed that the level of noise is sufficiently low for the gravest spheroidal and
radial modes. We employed these data to source mechanism inversions to address the
question, whether the methods routinely used to estimate centroid-moment-tensor
solutions are suitable to get low-frequency limits of the moment tensor.

Since the data are compared with synthetic accelerograms, the knowledge of
quality factors is crucial. Surprisingly, there is still rather high uncertainty in the
published quality factors. Their direct estimates for the spheroidal modes are com-
plicated due to multiplet splitting which causes rather complex amplitude decrease.
For this reason we have decided to perform source inversions simultaneously with
quality-factors determination. Although the joint structural and source inversion
is, in general, a complicated non-linear problem, the advantage of the inversion in
sub-mHz frequency range is a small number of inverted parameters. We have intro-
duced an iterative procedure, where in the first step the quality factors are fixed and
the source parameters are determined, whereas in the next step the source mecha-
nism is fixed and quality factors are re-evaluated. This method converges quite fast
and yields both the quality factors of the individual modes and the low-frequency
estimates of the three moment-tensor components. However, very long records to
obtain stable solutions of these joint inversions are needed.

We compared our results with those provided by the three agency solutions. The
GCMT Project preferred solution was obtained using 8.5-hr-long seismograms from
about a hundred of stations of the GSN filtered between 300 and 500 s (Nettles et
al., 2011). In the GCMT Project approach, the moment tensor and source centroid
are estimated by matching observed long-period three-component seismograms to
synthetic waveforms calculated by summation of the Earth normal modes. The
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USGS method used to compute the CMTs is based on the formulas by Dziewonski
et al. (1981), and they are also used by the GCMT group, but input waveforms
are filtered from 130 to 330 s (Polet and Thio, 2011). The third agency solution
is based on the real-time W-phase inversions that exploit the long-period content
of the broadband seismic record (200-1000 s) preceding the arrival of the surface
waves (Duputel et al., 2011). The best agreement of our results is with the Harvard
GCMT solution, probably due to the applied lower frequency range. However, the
differences between our results and GCMT solutions are not negligible, which points
to the problem of source-solutions robustness in the low-frequency range that was
mentioned above.

Special attention was paid to the radial modes, where the inversion is quite simple
as these modes are generated by only the M,.,.-component of the moment tensor and
the quality factors of these modes can be directly determined from changes of modal
amplitudes with time since there is no splitting. Moreover, dependence of radial-
mode amplitudes on geographic position of an observer is very weak and thus the
data from different stations can be averaged, which yields robust results obtained
from the observations of the ¢Sy and 1.5y modes.

We believe that our approach is applicable to various problems that could be
solved in future. Let us mention three of them:

1. If we consider the quality factors of the modes to be known with sufficient
accuracy, the source inversions can be performed from rather short records as
demonstrated in this thesis. This fact opens a space for creating routine pro-
cedures based on superconducting-gravimeter data that could be an additional
product of the GGP.

2. The upper limit of modal summations is limited only by a resolution of the
Chebyshev grids and, consequently, by dimensions of the obtained matrices
that enter into the numerical eigenanalyses. The potential frequency range of
our numerical method can thus continuously increase with increasing software
and hardware power. Moreover, further development of our method should
enable us to perform co-seismic modeling by means of modal summations up to
high degrees and orders as a complement to common analytical formulas for the
homogenous half-space by Okada (1992). Geodetic GNSS data employment
could thus help to discriminate between finite-source models.

3. The structural models of the planets and moons in the Solar System are still
poorly constrained by available data. Our numerical approach is very efficient
in the studies when frequency dependence of the structural parameters plays
a minor role and may be neglected. Therefore, it is suitable, e.g., for a fast
evaluation of the dependencies of eigenfrequencies on structural parameters
like depths of major interfaces (core boundaries etc.) of these bodies.
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Appendix

Analytical solution at the center

In order to obtain the boundary conditions at the center of the Earth model, r = 0,
we analyze solutions of the ordinary differential equations derived in the previous
text by means of power series of the second order and study the behavior of coef-
ficients of these series at the neighborhood of the center. For some cases, several
boundary conditions can be derived from the solution at the center of the models.
In the previous text we chose a required number of them; the remained unused con-
ditions are then naturally satisfied. Note that this approach is different from the
classical treatment where a solution for the homogeneous small sphere surrounding
the center is employed (e.g. Crossley, 1975; Martinec, 1984; Dahlen and Tromp,
1998).

Toroidal oscillations

The eigenfunctions W,, decomposed into the power series get the form for » — 0,
Wi = ag + a1 + agr® + O(r?). (A1)

By substitution of this expression into , we obtain the relation

2—-N Na w?
(6 —N)as+ - TQOZ—'OOM ao, (A.2)

which has three different branches dependent on the angular degree [. We abbreviate
N=1I(l+1).

e [=1land N=2
Expansion coefficients ay and ay must be equal to zero to satisfy (A.2). Thus, we
have conditions for the zero and second derivatives of toroidal displacement,

W1(0) = W(0) = 0. (A.3)

e [=2and N =6
We obtain conditions for the zero and first derivatives of W5, since ag = a; = 0,

Wy (0) = W3(0) = 0. (A.4)

e [>2and N >6
Since ag = a; = ap = 0, all derivatives have to vanish in the center,

Wi(0) = W;(0) = W/'(0) = 0. (A.5)
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Radial oscillations

The expansions of the displacement and incremental gravitational potential in the
case of [ = 0 have the form for » — 0,

Uy = ag+ayr +agr? +O(r?), (A.6)
Fy = co+er+00?). (A.7)

By substitution of these expressions into (1.51)—(1.52) and using go(r) = 37Gpor,
we obtain the system of equations

2
4Bas + < ©Gpg — Tf) ay = —powiao, (A.8)
¢ +4rGpoay = 0, (A.9)

which yields ag = 0,¢; = 0, a9 = 0, and results in the conditions

Up(0) = UZ(0) = F}(0) = 0. (A.10)

Spheroidal oscillations

In the case of spheroidal oscillations, [ > 0, we have three eigenfunctions represented
by the power-series expansions,

U = ag+ar+ar?+0(r?), (A.11)
‘/Z = bo +b17“+b27’2 +O(T’3), (A12)
F, = co+or+cr’+0(r?). (A.13)

By substitution into the (1.41)—(1.43) and using go(r) = %WGpor, we obtain the
system of equations for r — 0,

N 4 26+ N
(48 — Np)ag — TMal + <37TGPE— W) ap + N(p+A)ba+
2N 3+ )\ 4
+ Mbl N( a 2 - G ) bo PoC1 = —powan, (A14)

) 4
(AN + 6p) ag + AT Pa (f 37?Gp§> ap +

2 N
+ (6/L—Nﬂ) b2+ i ” ﬂ 1 2 bo—p001 %CO = —powao, (A15)

2 N
47 G py (3@1 + —ap — Nby — bo) +
r r

2—-N N

+ (6 — N) Co + C1 — ﬁCO = 0. (A16)

Similarly as in the case of the toroidal oscillations, we have three different branches.
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e [=1land N=2
From (|A.14]) we obtain
(26 4 2u)ag = 2(A+ 3u)bo

= ag = by
—2pay +4pb; = 0
= a; = 2b;
4
(AN + 6p)as — gﬂGpgao — (2X = 2u)by — poc; = —pow?ag

From (A.14)—(A.15)) it follows that

25&0 - 26()0 =0
= ag = b()

2(3)\ + 5/1)[91 + (2# — 25)191 —poco = 0
Po

= b1 = @CO
4
(4 + 6p)az — §7TGP(2>G0 — (2A = 2p)ba — poc1 = —pow?ag
From (A.16]) we get
200 =0
=co=0
47TGp0(2(10 — ng) = 0
= a9 = bg
A7Gpo(3a; — 2by) +4ca = 0
— 02
- 0= 271'Gp0
It follows that cg =0=0; =0= a7 =0 = ¢, =0, and
U1(0) = V{(0) = F1(0) = FY'(0) = 0, U1(0) = Vi(0). (A.17)

For [ = 1, (A.14)) and (A.15]) are identical. Thus, we have only one equation con-

straining the remaining coefficients,

4
Po (WQ — 37TGPO> ap + (4 + 6p)ag — (2A — 24)by — pocy = 0.

e [=2and N=6

From (A.14]) we obtain
(—2X\ — 10p)ag + (6A 4+ 18u)by = 0

—6pa; +12uby = 0

(4N +2p)as + 6(pn + A)ba — poci = 0



From (A.14)—(A.15)) it follows that

apg = bo = 0
(BA +5u)2by + (21 — 68)b1 — poco = 0
=co=0

(4A + 6p)az — 6(u + A)by — pocr = 0
From (A.16]) we get

Ch = 0
cT = 0
a; = 2b1

We get ag = by = ¢g = ¢; = 0, by and ¢y can be arbitrary and a; = 2b;, consequently
as = by = 0, and, finally,

Uz(0) = Uy (0) = V2(0) = V5'(0) = F»(0) = F5'(0) = 0, U5(0) = 2V5(0). (A.18)
e [>2and N >6

From ({A.14)) we obtain
— 28+ pN)ag + (3u+ A)Nby = 0

2
bo:ﬁao

ag = bOIO, 1f,u>()
—MNal—i—Q,uNbl =0

— a1 = 2b1, lf[,b>0
4
(46 — uN)ag + gﬂ'Gp(Q)((LO — Nby) — (A — p)Nby — poc; = —pow?ag  (A.19)
From ({A.14)—(A.15) it follows that
— 5Nb0 + 25&0 = 0
N
— Qg = 5()0

(21— BN )by + (BA+5p)a; — poco = 0

CO:O%Z%I a; = bl =0
4

(6 — BN )by + (4\ + 6p)as — SﬂGpgao —poct = —pow3by (A.20)
From (A.16]) we get
Co — 0
(2 — N)Cl + (2@0 - Nb0)47TGp0 =0

ao=2 by

=2 = 0,if p>0
(6 — N)Cg + (3&1 — Nbl)47TGp0 =0
W0 (0 + AnGpoby) = 0,if p > 0

We get ap = a1 = by = by = ¢y = ¢; = co = 0 and from (A.19)-(A.20) we obtain
as = by = 0. Thus, finally,

Un(0) = U,,(0) = U(0) = Va(0) = V3(0) = V;/(0) = F(0) = F,(0) = F/(0) = 0. (A.21)

n
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