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Autoreferát dizertačńı práce
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Introduction

Normal modes or free oscillations are components of standing waves with an infinite
number of degrees of freedom that are created from the constructive interference
of body and surface waves circling the Earth multiple times. For the commonly
used spherically symmetric, non-rotating, perfectly elastic and isotropic (SNREI)
Earth model the oscillations are composed of two distinct types of modes. The
spheroidal modes nSl correspond to standing Rayleigh waves and change the external
shape and internal density of the body, and the toroidal modes nTl correspond to
standing Love waves with purely tangential displacements and leave the shape and
the radial density distribution unaffected. The modes are labelled by the angular
degree l = 0, . . . ,∞ of spherical harmonic decomposition and the prefix overtone
number n = 0, . . . ,∞ since there is an infinite number of spheroidal and toroidal
modes with angular frequencies nω

S
l and nω

T
l for a given value of l. In the case of

a SNREI model, each of the nSl and nTl modes represents a multiplet containing
2l+ 1 oscillations of the same frequency. This 2l+ 1 degeneracy is a mathematical
consequence of the model spherical symmetry. When a slightly anelastic model
is considered, each multiplet is attenuated with time; the exponential decrease of
modal amplitudes is described by quality factors.

Free oscillations provide information about both the internal structure of the
Earth and the mechanism of a source event (earthquake, impact etc.) since the
periods of the modes are given by model parameters and the amplitudes depend
on the source event. The periods of about one thousand normal modes and about
one hundred normal-mode quality-factor values were used in addition to travel time
observations in constructing the Preliminary Reference Earth Model (Dziewonski
and Anderson, 1981) that still represents the fundamental spherically symmetric
seismic model of the Earth. Free oscillations also become important in constraining
the seismic-source properties of very large earthquakes where the frequency content
of the source processes shifts to lower frequencies and determination of seismic mo-
ment using high-frequency data becomes problematic. The 2004 Sumatra-Andaman
earthquake is a recent example where the standard seismological routines based on
the body and surface waves (with periods of several hundred seconds) undervalued
the energy released during the rupture process. On the basis of the free-oscillations
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analysis Park et al. (2005) showed that the seismic scalar moment M0 was at least
1.5 times higher than the value inferred from the Global Centroid Moment Tensor
(GCMT) solution based on routine procedures.

The traditional approach of computing eigenfrequencies and eigenfunctions of
the SNREI model is based on the Runge-Kutta numerical integration of six (two)
ordinary differential equations of the first order in the case of spheroidal (toroidal)
oscillations. We have developed a different approach where the direct numerical
discretization of the ordinary differential equations by high-accuracy pseudospectral
schemes (Fornberg, 1996) leads to a series of matrix eigenvalue problems for evalu-
ating eigenfrequencies and eigenfunctions (Zábranová et al., 2009). Our method is
a modification of Hanyk et al. (2002) where similar ordinary differential equations
are solved for postglacial rebound. In order to check our results, we use the Mineos
software package.

The network of superconducting gravimeters (SG) was created to observe seismic
normal modes, the Slichter triplet, tidal gravity, ocean tidal loading, core nutations
and core modes within the framework of the Global Geodynamics Project (GGP),
an international program of observations of temporal variations in the Earth gravity
field (Crossley et al., 1999). While older studies have shown that the SGs were
not as good as the STS-1 seismometers in the seismic band (Freybourger et al.,
1997; Van Camp, 1999), the new generation of SG instruments achieved lower noise
levels than any other sensor at frequencies below 0.8 mHz (Widmer-Schnidrig, 2003).
Observations of fundamental low-frequency modes are of excellent quality and new
SG data enable us to solve a variety of other problems. In this thesis we chose
the SG records of the 2010 Maule, 2011 Tohoku and 2012 Sumatra earthquakes in
the frequency range below 1 mHz. Since source durations of these earthquakes are
shorter than 200 s and the characteristic rupture lengths are smaller than 500 km,
we can securely use the point-source approximation in this frequency range.

As we know from the normal-mode perturbation theory (e.g., Backus and Gilbert,
1961; Dahlen, 1968; Dziewonski and Sailor, 1976; Woodhouse and Dahlen, 1978),
the free oscillations of the Earth are split by rotation, ellipticity and lateral het-
erogeneity. In applications to source-mechanism problems we follow the study by
Dahlen and Sailor (1979). Splitting of the low-frequency modes is almost insensible
to the 3-D structure of the Earth (e.g., He and Tromp, 1996). The new observations
of the gravest spheroidal modes by SGs can thus be modelled straightforwardly by
taking into account multiplet splitting due to only rotation and ellipticity. These
observations yield constraints that can be used to obtain low-frequency limits of the
source mechanism together with new estimates of the quality factors of these modes,
which we discuss in detail in the second part of this thesis. We also focused on the
radial modes 0S0 and 1S0. Since they are not degenerated, their quality factors
can be directly determined from records and the moment tensor inversion can be
performed separately.
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1 Computational methods

The complete system of PDEs for the Lagrangian displacement u, the Eulerian
incremental gravitational potential ϕ and the incremental stress tensor τ consists
of the momentum equation, the Poisson equation and the constitutive relation,

∇ · τ − ρ0∇ϕ+∇ · (ρ0u)∇ϕ0 −∇(ρ0∇ϕ0 · u) = ρ0
∂2u

∂t2
, (1)

∇ · (∇ϕ+ 4πGρ0u) = 0, (2)

λ∇ · uI + µ
[
∇u+ (∇u)T

]
= τ , (3)

where ρ0 is the reference density and λ and µ are the elastic Lamé parameters,
the latter also referred to as the shear modulus. This Lagrangian-Eulerian system
of equations can be found in, e.g., Martinec (1984) or Dahlen and Tromp (1998).
For the case of spherical symmetry we can decompose the scalar incremental grav-
itational potential and the displacement vector by means of the scalar spherical
harmonic functions Ylm(ϑ, φ),

u(r) = ur(r)er + uϑ(r)eϑ + uφ(r)eφ, (4)

ur(r) =
∑
lm

Ulm(r)Ylm(ϑ, φ), (5)

uϑ(r) =
∑
lm

Vlm(r)
∂Ylm
∂ϑ

(ϑ, φ)−Wlm(r)
1

sinϑ

∂Ylm
∂φ

(ϑ, φ), (6)

uφ(r) =
∑
lm

Vlm(r)
1

sinϑ

∂Ylm
∂φ

(ϑ, φ) +Wlm(r)
∂Ylm
∂ϑ

(ϑ, φ), (7)

ϕ(r) =
∑
lm

Flm(r)Ylm(ϑ, φ). (8)

The coefficients Ulm and Vlm create a spheroidal part of displacement and Wlm cor-
respond to a toroidal part. We transform (1)–(3) into ordinary differential equations
of the second order. For toroidal modes that create neither volume variations nor
changes of the gravitational field we have one equation,

µW ′′ +
(

2µ

r
+ µ′

)
W ′ −

(
Nµ

r
+ µ′

)
W

r
= −ρ0ω2W, (9)

where ω is the angular frequency of an individual free oscillation, and for spheroidal
modes we obtain a set of three equations,

βU ′′ +

(
2β

r
+ β′

)
U ′ +

(
4ρ0g0
r
− 4πGρ20 −

2β + µN

r2
+

2λ′

r

)
U −

− (λ+ µ)
NV ′

r
+

(
λ+ 3µ

r
− ρ0g0 − λ′

)
NV

r
− ρ0F ′ = −ρ0ω2U,

µV ′′ +
(

2µ

r
+ µ′

)
V ′ −

(
β

r
+ µ′

)
N

r
V +

+
λ+ µ

r
U ′ +

(
2β

r
− ρ0g0 + µ′

)
U

r
− ρ0

r
F = −ρ0ω2V,

F ′′ +
2

r
F ′ − N

r2
F + 4πGρ0

[
U ′ +

(
2

r
+
ρ′0
ρ0

)
U − N

r
V

]
= 0.
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For the spheroidal modes with l = 0, the motion proceeds only in the radial direction
and the horizontal displacement vanishes. So, for the radial modes we obtain (10)
in a special form,

βU ′′ +

(
2β

r
+ β′

)
U ′ +

(
4ρ0g0 −

2β

r
+ 2λ′

)
U

r
= −ρ0ω2U. (10)

We discretize these equations by highly accurate pseudospectral difference schemes
on Chebyshev grids. We thus receive a series of matrix eigenvalue problems for
eigenfrequencies and eigenfunctions of the free oscillations. The final eigenvalue
problem has a form(

P−1 ·R
)
· Y = − 1

ω2
Y . (11)

where matrices P and R depend on the model, vector Y is composed of the eigen-
functions and ω is the angular eigenfrequency.

In order to benchmark our software, we compare our eigenfrequencies and eigen-
functions with those computed by the Mineos software package based on the Runge-
Kutta integration techniques as is displayed in Fig. 1. Fig. 2 shows the three-
component records of the synthetic acceleration following the 2010 Maule earthquake
calculated for the station Pecný (PE: 49.92N, 14.79E), Czech Republic. The accel-
eration response of a non-rotating anelastic Earth to a step-function moment-tensor
source M situated at xs is given at the location of receiver x by the equation

a(x, t) =
∞∑
n=0

∞∑
l=0

nAl(x) cos(nωlt) exp

(
− ωt

2Q

)
, (12)

where nAl is the amplitude of excitation and Q is the quality factor of a mode
describing the anelastic dissipation of the compressional and shear energy and the
attenuation of the free oscillations. The value of Q can be determined by the equa-
tion (cf. Dahlen and Tromp, 1998, eq. 9.54)

Q−1 = 2ω−1
∫ R

0

(
κKκQ

−1
κ + µKµQ

−1
µ

)
dr, (13)

where κ = λ + 2
3
µ is the incompressibility modulus, Qκ(r) and Qµ(r) are the bulk

and shear quality factors of the model and the Fréchet kernels Kκ and Kµ depend
on the modal frequencies and eigenfunctions.

However, the splitting of free oscillations due to the rotation and associated
ellipticity significantly affects the spectra of the gravest modes, so in application on
real data we must follow normal-mode perturbation theory by Dahlen and Sailor
(1979). Then, the acceleration response of an elliptical Earth model rotating with
the sidereal angular velocity Ω at the receiver position x in time t for an isolated
multiplet is

a(x, t) = Re
∑
m

[
1 +mχ(Ωω−10 )− τ(1− 3m2N−1)

]
r∗msm ×

× exp
[
iω0

(
1 + a+ bm+ cm2 + i(2Q)−1

)
t
]
, (14)

where N = l(l+ 1), ω0 is the frequency and Q the quality factor of the degenerated
multiplet, χ is the Coriolis splitting parameter, a, b and c are splitting parameters
and τ is the auxiliary variable. Complex scalars rm and sm are related to the
displacement evaluated in the receiver and source positions, respectively, for each
singlet denoted by m. An asterisk stands for complex conjugation.
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Figure 1: Relative differences between the normal-mode frequencies and quality factors
obtained by the Mineos and our matrix-eigenvalue software for the angular degrees up to
500. The upper panel show the toroidal modes and the lower panel show the spheroidal
modes.

2 SG records

We summarized the theoretical background needed for computation of the syn-
thetic seismograms generated by point sources. Next, we present its application
to low-frequency seismology. We focus on the radial and spheroidal modes in the
frequency range up to 1 mHz that affords several advantages by employing the
superconducting-gravimeter (SG) data. The SG data are less noisy than seismome-
ter data in this frequency range (e.g., Rosat et al., 2002; Widmer-Schnidrig, 2003;
Ferreira et al., 2006; Rosat et. al., 2015), but they provide only the vertical compo-
nent of oscillations, and the splitting of the low-frequency modes is almost insensible
to the 3-D structure of the Earth (e.g., He and Tromp, 1996), so the SG data can
be modelled straightforwardly by taking into account multiplet splitting due to only
rotation and ellipticity.

The SG data are assembled within the framework of the GGP (http://www.eas.
slu.edu/GGP/ggphome.html; Crossley et al., 1999). The geographical distribution of
the Global Geodynamics Project (GGP) stations is shown in Fig. 3. The noise-level
analysis of these stations was provided by Rosat and Hinderer (2011).

The amplitude spectra of gravity are strongly affected by the solid-Earth tides.
The effect of the atmospheric pressure is the second largest; the groundwater-
variation influence is an order of magnitude lesser. The standard procedure to
remove tides from the recorded data is to subtract the theoretical tidal acceleration
from the measured gravity. The most accurate tidal-potential catalogue for high-
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Figure 2: Three components (vertical Z, radial R, transverse T) of synthetic accelero-
grams for the spheroidal and toroidal modes up to 40 mHz generated by the 2010 Maule
earthquake at the station PE. The GCMT source solution was chosen to represent the
earthquake. Our accelerograms are plotted in red, those calculated using Mineos in blue.
Note that the (Z, R)-components (dominated by the Rayleigh waves) are the sums of the
spheroidal modes, whereas the T-component (dominated by the Love waves) is formed of
toroidal modes. The zero of the time axis corresponds to the origin time of the earthquake.
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Figure 3: Superconducting gravimeter stations providing free data following the megath-
rust earthquakes within the Global Geodynamics Project.

precision work is, according to Wenzel (1996a), HW95 described in Hartmann and
Wenzel (1995a and 1995b). However, it is sufficient for our purpose to apply a high-
pass Butterworth filter with a threshold of 0.1 mHz to remove local tides from the
raw gravity data. In this way we also remove most of the tide-joined hydrological
effects. We correct the data for the effect of atmospheric pressure with the nominal
admittance factor of –3 nm/s2/hPa. The gravity and atmospheric-pressure data
are sampled per 1 second and provided without corrections to disturbances such as
spikes, offsets, and other problems. We remove the mean value or linear trend and
undersample the data from 1 s to 1 min by standard MATLAB procedures.

The 1952 Kamchatka, 1960 Valdivia (Great Chilean) and 1964 Alaska earth-
quakes were the strongest earthquakes in the instrumental era before the develop-
ment of the GGP network of superconducting gravimeters. The GGP subsequently
registered the following four megaevents: the 2004 Sumatra-Andaman 2010 Maule,
2011 Tohoku and 2012 Sumatra earthquakes. We focus mainly on the 2010 Maule,
2011 Tohoku-Oki and 2012 Sumatra earthquakes in the following text, since the 2004
Sumatra-Andaman earthquake source process is complicated by an extreme fault-
plane length of about 1200 km (e.g., Park et al., 2005; Vigny et al., 2005; Ishii et al.,
2005; Banerjee et al., 2005; Braitenberg and Zadro, 2007; de Groot-Hedlin, 2005),
and its relatively slow rupture velocity confirmed by many independent studies using
various techniques (Krüger and Ohrnberger, 2005; Tolstoy and Bohnenstiehl, 2005;
Guilbert et al., 2005; Okal and Stein, 2009; Gahalaut et al., 2010).

In the next chapter we demonstrate the determination of the quality factors of
gravest modes as well as the centroid-moment tensor (CMT) of the events from the
SG records. We compare our CMT results with those routinely provided by different
seismic agencies. We denote the Global Centroid-Moment-Tensor (GCMT) solutions
for employed earthquakes as PS1, the U.S. Geological Survey (USGS) solution as
PS2 and the W-phase source solution also provided by USGS as PS3. The GCMTs
are calculated by summation of Earth normal modes from long-period data provided
by the Global Seismographic Network retrieved in a near-real-time network. The
USGS uses principally the same method as the GCMT group. The W-phase source
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inversion algorithm was specifically developed to handle very large earthquakes like
the 2010 Maule and 2011 Tohoku earthquakes. This method exploits the long period
content (200–1000 s) of the broadband seismic record preceding the arrival of the
surface waves.

3 Results

After the 2010 Maule, 2011 Tohoku and 2012 Sumatra earthquakes the radial and
spheroidal modes up to 1 mHz were clearly registered by the Global Geodynamic
Project (GGP) network of superconducting gravimeters (SG). Surface acceleration
caused by the radial modes depends only on the Mrr component of the centroid
moment tensor and on its depth assuming its isotropic component to be negligible.
Re-evaluation of the modal quality factors Q is needed to obtain constraints on Mrr

self-consistently. The joint analysis of gravity data from the 2010 Maule and 2011
Tohoku earthquakes yields Q = 5500 ± 140 for the 0S0-mode and Q = 2000 ± 80
for the 1S0-mode. We were not able to determine the quality factor of the 2S0

mode with an accuracy sufficient to allow meaningful constraints (Q = 1120± 270).
The estimates of Q calculated from the amplitude-spectra decrease for fixed time
shifts ∆t = 2 hours are displayed in Fig. 4. Horizontal axes correspond to the shift
of the first time window after the origin time. In order to estimate the errors, we
calculate the standard deviations of Q from individual station records.
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Figure 4: Quality factors of the radial modes estimated from the records after 2010
Maule and the 2011 Tohoku earthquakes from the Fourier amplitude-spectra decrease.
Time difference between the windows ∆t = 2 hours was fixed. Horizontal axis shows time
shift of the first window after the origin. Red lines denote Q of the radial modes, whereas
black lines represent their standard deviations.
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values, whereas 1S0-mode amplitude is more sensitive to the centroid depth. We have
used these facts to analyze the 2010 Maule Mw = 8.8 and 2011 Tohoku Mw = 9.1
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transform were applied to 450- (170-
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earthquakes. Superconducting gravimeter data reveal that the Mrr components of
these earthquakes should be in the interval 0.95–1.15× 1022 Nm (Maule) and 1.50–
1.75 × 1022 Nm (Tohoku), respectively. Fig. 5 demonstrates the constraints on the
Mrr component of the moment tensor and the depth of the earthquakes obtained
from the amplitudes of 0S0 and 1S0. They are clearly isolated in the spectrum, and
the level of observed noise is low (see the mode amplitudes in Figs. 6 and 7), where
we demonstrate the agreement in the amplitude spectra between the averaged SG
data and the synthetic accelerograms.
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Figure 8: Vertical acceleration amplitude spectra of the modes 0S0 and 1S0 from the
SG data (red - average of three records from Pecný and Wettzell stations) and the three
synthetic accelerograms for the agency point-source solutions. A Hann filter and Fourier
transform were applied to 450- and 170-hour time series.

The 2012 Sumatra double earthquake consists of two strike-slip events with mo-
ment magnitudes higher than 8. Since the fundamental radial mode 0S0 has its
period of about 20.5 minutes and the second event followed 124 minutes after the
main shock, there is approximately a zero phase shift between the fundamental ra-
dial oscillations generated by these two events. The same applies for the first radial
overtone with the period of about 10.22 minutes. Fig. 8 shows the vertical accelera-
tion amplitude spectra of these two radial modes. The PS3+PS3* solution generates
a too weak signal because Mrr components of both events are of opposite sign. The
PS2+PS2* solution generates weak signal as well; Mrr components are of the same
sign, but the Mrr value of the main shock is too small. We can thus conclude that
only the PS1+PS1* solution yields satisfactory fit with the data. These strike-slip
earthquakes generated strong horizontal motions; the Mrr components generate ap-
proximately only 10% of the scalar moment tensor M0. So, the Mrr components
are less sensitive than others if the body and surface waves are inverted. However,
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Figure 9: Constraints on the Mrr components of the 2012 Sumatra double-event (for
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tude spectra obtained from the used records and quality factors is drawn. Stars denote
published point-source solutions (PS1, PS2 and PS3).

radial modes are created only by the Mrr component and thus they can be used to
constrain the Mrr components quite well.

The intervals of admissible Mrr values for both events are shown in Fig. 9. We
fixed the origin times and locations on the values given by PS1 for both earthquakes,
since there is no fundamental influence of these quantities on our results. We used
the quality factors of radial modes determined from data after the 2010 Maule and
2011 Tohoku earthquakes and inverted the averaged records to find Mrr components.
We may conclude that M∗

rr of the second event cannot be negative and Mrr of the
main event is smaller than 2×1021Nm. Dependence of the constraints on the studied
centroid depths is very weak, as expected. We assume the possible interval of the
centroid depths 15–50 km (Duputel et al., 2012). The calculations are presented
for the depths of 20 and 30 km. This choice represents the optimal variation of
amplitudes, since the amplitudes of the radial modes are sensitive to the shear
modulus µ at the centroid depth and our model contains discontinuity at the depth
of 22 km (see Fig. 5).

T [s] Q0 Q1 Q2 Q3 Q0 T/2 [h]

0S2 3234 510 496 ± 16 525 477 ± 177 230

0S3 2135 417 409 ± 11 380 405 ± 14 124

0S4 1546 373 394 ± 27 365 373 ± 9 80

0S5 1190 356 350 ± 16 350 364 ± 5 59

Table 1: Periods T of the modes, their quality factors Q used in this study and optimal
lengths of the signals according to Dahlen (1982). Q0 was calculated from the PREM, Q1

is our estimate contained by averaging over 4 inversion results: inversions started from
the Q-values of the PREM and were performed for the centroid depth of 10 and 20 km
for the 2010 Maule (20 and 30 km for the 2011 Tohoku) earthquake, Q2 was estimated by
Tanimoto et al. (2012) and Q3 by Deuss et al. (2013).
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Figure 10: Relative misfits of individual modes for the 2010 Maule (upper panel) and
2011 Tohoku (lower panel) earthquakes for the centroid depth of 20 km showing the trade-
off between the Mrr component and quality factors of the modes. The stars denote our
solutions from the joint inversion. The contour intervals are the same in all panels of a row
but the colour scales are different.

The quality factors Q of fundamental spheroidal modal multiplets are also key
parameters, and their values used in synthetic calculations can substantially influ-
ence the results. The direct determination from their amplitude decrease is difficult,
since the modal multiplets consist of several singlets with slightly different frequen-
cies, the descent of the spectral amplitudes is very complicated, thus very long
high-quality records are needed. We study the role of their uncertainties in the
centroid-moment-tensor (CMT) inversions.

First, we invert the SG data from selected GGP stations to jointly determine the
quality factors of these normal modes and the three low-frequency CMT components,
Mrr, (Mϑϑ−Mϕϕ)/2 and Mϑϕ, that generate the observed SG signal. We use several-
days-long records to minimize the trade-off shown in Fig. 10 between the quality
factors and the CMT but it is not eliminated completely. We also invert each record
separately to get error estimates of the obtained parameters. The employed record
lengths and the result quality factors are summarized in Table 1. Obtained quality
factors in our inversion procedure are almost independent of changes in the source
depth and the choice of the earthquake. In Table 1 we compare our Q values of
fundamental modes averaged over performed inversions for both earthquakes with
the results obtained by Tanimoto et al. (2012) from cross-correlations in the time
domain, by Deuss et al. (2013) performing splitting function inversions, as well as
with those from the PREM (Dziewonski and Anderson, 1981). The fundamental-
mode-quality factors of the PREM and almost all of Deus et al. (2013) lie within the
obtained confidence interval but the results of Tanimoto et al. (2012) differ more.
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The highest standard deviation was obtained for the mode 0S4 which corresponds to
the problems with its fit as demonstrated in Fig. 11. Fig. 11 shows the amplitude
spectra of synthetic and measured signals averaged by the time-window lengths to
demonstrate data fitting reached in our inversion procedure. We obtained excellent
fit for the modes 0S2, 0S3 and 0S5 but worse results for the mode 0S4.
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Figure 11: Vertical acceleration amplitude spectra of the studied modes from the SG
data (red) and synthetics (green) after the 2010 Maule (left panel) and 2011 Tohoku (right
panel) earthquakes. The synthetic signal was calculated for the solution of joint inversion
at the depth 20 km (10 km) for the Maule (Tohoku) earthquake. A Hann filter and Fourier
transform were applied to the time series of the length shown in the last column of Table 1
starting 2 hrs after the origin times and averaged by the length of the time windows.

Consequently, we employ the GGP records of 60-hrs lengths for several published
modal-quality-factor sets and inverted only the same three CMT components. The
obtained CMT components shown in Fig. 12 are close to the solution from the joint
Q-CMT inversion of longer records and resulting variability of the CMT components
is smaller than differences among routine agency solutions. Reliable low-frequency
CMT components can thus be obtained for any quality factors from the studied
sets. For the 2011 Tohoku earthquake all inversions yield better misfit than the
reference Global CMT solution with the PREM Q-values, i.e., the re-evaluation of
the CMT components plays a substantial role in the misfit reduction. Moreover, our
new re-evaluation of the modal quality factors results in further misfit improvement.
However, the misfits for the 2010 Maule earthquake were not improved. The prob-
able reason is that the fit of the mode 0S4 in the case of the 2010 Maule earthquake
is poor for any choice of the quality factors and most of the misfit is thus created by
this mode as shown in Fig. 13 where the amplitude spectra of 60-hrs long synthetic
and measured signals averaged by the time-window lengths are displayed.
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Figure 12: Dependence of the Mrr, (Mϑϑ−Mϕϕ)/2 and Mϑϕ components of the centroid
moment tensor on the centroid depth obtained from the inversion of vertical acceleration
of the spheroidal modes up to 1 mHz for four sets of Q (red Q0, green Q1, blue Q2, orange
Q3). The left (right) panel is for the 2010 Maule (2011 Tohoku) earthquake. Stars denote
published point-source solutions (PS1, PS2 and PS3). The last panel shows the relative
misfits of inversions as functions of depth normalized by the misfits of the solution PS1
calculated for the PREM quality factors.
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Figure 13: Vertical acceleration amplitude spectra of the studied modes from the SG data
(red) and synthetics (green) after the 2010 Maule (left panel) and the 2011 Tohoku (right
panel) earthquakes. The synthetic signal was calculated for the optimal CMT solution at
the depth 20 km (10 km) for the Maule (Tohoku) earthquake when the quality factors were
fixed at the Q1 values from Table 1. A Hann filter and Fourier transform were applied to
the time series of 60-hrs length starting 2 hrs after the origin times and averaged by the
length of the time window.
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Conclusions

In the methodological part of the thesis we have demonstrated that the system of
partial differential equations that describes the free oscillations of the Earth can be
decomposed into the ordinary differential equations by spherical harmonic analysis
and directly discretized by means of finite-difference schemes with pseudospectral
accuracy. The original problem can thus be transformed to a series of matrix eigen-
value problems that can be solved by standard numerical routines. Using numerical
libraries for matrix spectral analysis, the eigenfunctions and eigenfrequencies of the
fundamental mode and overtones are simultaneously obtained and a high accuracy
up to a discretization limit is achieved. Eigenfrequencies and eigenfunctions calcu-
lated from these discretized systems agree with those obtained from the classical
method, as represented by the Mineos software package based on Runge-Kutta in-
tegration techniques.

In this decade, three megathrust events occurred (2010 Maule, 2011 Tohoku, 2012
Sumatra double event) that were also recorded by the network of superconducting
gravimeters within the Global Geodynamic Project. We have analyzed their records
and showed that the level of noise is sufficiently low for the gravest spheroidal and
radial modes. We employed these data to source mechanism inversions to address the
question, whether the methods routinely used to estimate centroid-moment-tensor
solutions are suitable to get low-frequency limits of the moment tensor.

Since the data are compared with synthetic accelerograms, the knowledge of
quality factors is crucial. Surprisingly, there is still rather high uncertainty in the
published quality factors. Their direct estimates for the spheroidal modes are com-
plicated due to multiplet splitting which causes rather complex amplitude decrease.
For this reason we have decided to perform source inversions simultaneously with
quality-factors determination. Although the joint structural and source inversion
is, in general, a complicated non-linear problem, the advantage of the inversion in
sub-mHz frequency range is a small number of inverted parameters. We have intro-
duced an iterative procedure, where in the first step the quality factors are fixed and
the source parameters are determined, whereas in the next step the source mecha-
nism is fixed and quality factors are re-evaluated. This method converges quite fast
and yields both the quality factors of the individual modes and the low-frequency
estimates of the three moment-tensor components. However, very long records to
obtain stable solutions of these joint inversions are needed.

We compared our results with those provided by the three agency solutions. The
Harvard GCMT Project preferred solution was obtained using 8.5-hr-long seismo-
grams from about a hundred of stations of the GSN filtered between 300 and 500 s
(Nettles et al., 2011). In the GCMT Project approach, the moment tensor and
source centroid are estimated by matching observed long-period three-component
seismograms to synthetic waveforms calculated by summation of the Earth normal
modes. The USGS method used to compute the CMTs is based on the formulas by
Dziewonski et al. (1981), and they are also used by the GCMT group, but input
waveforms are filtered from 130 to 330 s (Polet and Thio, 2011). The third agency
solution is based on the real-time W-phase inversions that exploit the long-period
content of the broadband seismic record (200–1000 s) preceding the arrival of the
surface waves (Duputel et al., 2011). The best agreement of our results is with the
GCMT solution, probably due to the applied lower frequency range. However, the
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differences between our results and GCMT solutions are not negligible, which points
to the problem of source-solutions robustness in the low-frequency range that was
mentioned above.

Special attention was paid to the radial modes, where the inversion is quite simple
as these modes are generated by only the Mrr-component of the moment tensor and
the quality factors of these modes can be directly determined from changes of modal
amplitudes with time since there is no splitting. Moreover, dependence of radial-
mode amplitudes on geographic position of an observer is very weak and thus the
data from different stations can be averaged, which yields robust results obtained
from the observations of the 0S0 and 1S0 modes.
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