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Seismic waves = waves in elastic continuum

“a model of the medium through which
the waves propagate
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In this course we rely on basic knowledge of continuum mechanics
(students should be familiar with the underlined terms below).

A time-dependent perturbation of an elastic medium
generates elastic waves emanating from the source region.
These disturbances produce local changes in stress and strain.

To understand the propagation of elastic waves we need to
describe kinematically the deformation of our medium and
the resulting forces (stress). The relation between
deformation and stress is governed by elastic constants.

The time-dependence of these disturbances will lead us to the
elastic wave equation as a consequence of conservation of
energy and momentum.

P.Q .... positions of two particles before deformation
P’,Q’... positions of the particles after deformation
u...... displacement vector




Basic assumptions:

1) Geological structure can be considered as an elastic continuum
(despite of presence of discontinuities at all scales) — the parameters
characterizing the continuum are the ‘effective’ parameters averaged
over a portion of the real structure at the given scale.

(at different scales the parameters of the same material can be different)

2) Deformations are small => strain tensor can be linearized to the
Y infinitesimal strain tensor
[

ox <<l L| dy aui
) ¢ =— L
; 2 aX} aXf
Why? We consider only incremental stress and strain, directly connected
with the wave propagation.

J

3) Incremental body forces (per unit mass) associated to the wave propagation
are negligible, i.e. the body forces acting in the medium before and
after the seismic event are the same.

4) Stress-strain relation is linear — generalized Hook’s law

Tij — Cijkl€kl
(in this course, it is moreover time-independent => no absorption)



Basic assumptions:

1) Geological structure can be considered as an elastic continuum
(despite of presence of discontinuities at all scales) — the parameters
characterizing the continuum are the ‘effective’ parameters averaged
over a portion of the real structure at the given scale.

(at different scales the parameters of the same material can be different)

2) Deformations are small => strain tensor can be linearized to the
Y infinitesimal strain tensor
[
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Why? We consider only incremental stress and strain, directly connected

with the wave propagation.
Not satisfied closer to the source — finite strain theory

3) Incremental body forces (per unit mass) associated to the wave propagation
are negligible, i.e. the body forces acting in the medium before and
after the seismic event are the same.
Not satisfied closer to the source
4) Stress-strain relation is linear — generalized Hook’s law
Tij = Cijkl€kl
(in this course, it is moreover time-independent => no absorption)
Not satisfied closer to the source

J




Under these simplifications, the wave propagation satisfies the following
equation of motion
Jd T.

E)u
Rt =Pon

J

Emloying the Hook’s law we get

5, Ouy
92; \ % 9z, i = ‘f’ i

|

Elastic constants Density
(medium parameters, known) (medium parameter, known)

which is to be solved for U; = Uy (X-. t)



de
dt

!

Uniqueness theorem

Assume a volume V bounded by a surface X.
When is the solution of

PUi — Tij; = f;
unique inside V?

At any point inside V and any time t 2 {, the solution is uniquely determined by:

1) Distribution of u; and u',- inside V at t,. (initial conditions).
+

2) Distribution of u; and/or its spatial derivatives on X for any t 2 t, (boundary conditions)
+

3) Distribution of f, (and heat — for adiabatic processes neglected) inside V at any time t = {,.

Proof: Assume two different solutions u/" and u? for the same forces and initial/boundary conditions.

Then, for U=uP-u@it holds Uj(t,)=U(t,)=0, U=U,,=0 on X and £=0.

— > W= K=90
= s fidV + (mijui),idV € = L (it + Tijei;)dV :
2
v v . 7. = Uilzwm:t) =0
= [[[apav + [[ csmunnsids _ _15 // /(mlﬂli s o)AV Us(Zm,t) = 0
v z
v
ﬂ/ YU (init.cond.) ) (1) ()
€ = constant .for’ U" | £ = 0 u; (mmr t) = U, (zmm t)



The medium through which the waves propagate is characterized (besides
of its density) by the elastic parameters ;1. -

a four-rank symmetric tensor with 81 elements but only 21 of them are,
in general, independent. ..... general anisotropy

If less than 21 elements are independent .... anisotropy with special symmetries
(orthorombic, hexagonal, etc.)

To describe special anisotropic symmetries it is useful to introduce the so called
Voight notation for the elastic paramenters Cijk! ;

. _ , (‘1
Cijkl ~—\Lap
T matrix 6x6

How the indices are assigned:

11 2e272: 33 423 He31 o112

Cfa: B — C{ch



Various types of anisotropic symmetries

Orthorombic: 9 independent parameters

(Cy C Cis 0 0 0 )
Cn Ca 0 0 0
Caz 0 0 0
Cap = Cao 0 D
055 0
K Ces )

Hexagonal: 5 independent parameters

Transverse isotropy — one axis of symmetry;
medium invariant to
any rotation around it

(011 012 013 0 0 0 \
Cu Cis 0 O 0

Cs 0 0 0

Cia 0 0

Cas 0

\ C“;Gn )

Isotropy: 2 independent parameters

(C Cii—2Cu Cu—2Cy 0 0 0 )
Cn 011 = 2044 0 0 0
c Cai 0 0 0
b Cu 0 O
Cia O
\ Oue )
In the Lame’s notation — A,u ... Lame’s parameters
[ A +2u A A 0 0 0)
A4 2u A 0 00
A+2z 0 0 O
Cop = g 00
p 0
\ y

Acoustic case (fluids):
u=0, only 1 parameter 2




Acoustic medium - equation of motion

\> e.q., Earth’s core, oceans, often used in seismic prospection ...

..... pressure
Hook’s law
— Uj 4
(comma is used to separate component indices
- from differentiation indices)
compressibility
Equation of motion then yields ov;
Y f
. | - . dp
while taking the time derivative of the Hook’s law gives Uk x + n—a—i- #={) .
Eliminating v, from the set of the two equations we get the scalar acoustic eq.
- - i =
(0 'pi)i+ fF=rkp, where fP= —(p7F);

In the vector notation:

YV - (p"l‘{?p) + fP — }{,ﬁ ...should be solved for p

(numerically)

An analytical solution is known only for homogeneous medium (p=const, k=const).
Then the equation of motion reads

v2 + P___C—z", C= 1 K
p+pf P, c= /p

acoustic velocity



Plane wave ... the simplest solution of the eq. of motion in homogeneous media

- in reality does not exist (the existence conditioned by homogeneous unbounded medium)

Why bother?

1) It may be a good approximation of the real wave field for a distant
source in a simple (close to homogeneous) structure.

2) High-frequency asymptotic methods (e.g., ray theory) are based
on a generalization of the plane wave solution.

3) A general wave with a curved wavefront can be represented as an
integral superposition of plane waves (Weyl integral)

v




Plane wave ... the simplest solution of the eq. of motion in homogeneous media

Harmonic plane wave: .
p Circular frequency w = 27 f

p(Z,t) = Pexp[-iw(t — T(2))]

W Constant scalar amplitude Propagation time
(can be complex-valued) linear function of coordinates
T(z) = p;x;

equation ¢ = T'(Z) represents a moving plane, here called the wavefront.
We shall denote the unit normal to the wavefront N :

Ni =p‘/\/m ﬁ'—_' ﬁ /c_/e Phase velocity 4
I \

> Slowness vector

Inserting the solution into the acoustic eq. yields

P% + Pg +P§ =1/c*| wherec= (;{n)flfz

Existence condition for the plane wave

= = e
— C (pr)~1% |
Ii_: does not depend on the frequency and on the direction of propagation N.

/2




Plane wave ... the simplest solution of the eq. of motion in homogeneous media

The same conclusions can be made (in the same way) for a transient plane wave:

p(Zt) = PF(t —T(7))

Constant scalar ampl/tude Propagat/on time
(can be complex-valued) linear function of coordinates T( f) = pt xt.

the so called analytical signal

The analytic signal is any
complex-valued function whose real and imaginary parts form a Hilbert
pair (the imaginary part is a Hilbert’s transform ‘H of the real one),
l.e.,

F(t) = f(t) + iH[f(t)] :f(t)Jri%P.V./ (53._(1&1 (2.5)

where f(t) is a real-valued function and P.V. means that the integral
is taken in the sense of the Cauchy principal value. Note that the
exponential function exp(it) = cos(t) + isin(t) is the special case of
the analytic signal.

An advantage of the analytic signal — one-sided spectrum. However, only its real part has the physical meaning
of pressure.



Anisotropic medium - equation of motion

... equation for general anisotropic medium,
should be solved for u;
(numerically; analytical solution is not known)

This is not a subject of this course

An analytical solution is known only for homogeneous medium (p=const, ¢;=const).
Then the equation of motion reads

2 2 . Unit I
a uk a u" > tonthgc\)/vrgqv?afront
C;J'kl a ' a + i atz
mJ :Bz Slowness
vect
The simplest solution of the eq. of motion in homogeneous media .
is a plane wave N o I
L

@(E, ) = UF(@t - T(z:)) T(e)=—" = pa,

— :

Constant vector amplitude Analytical signal Propagation time Phase velocity
(can be complex-valued) (for harmonic waves exp) linear function of coordinates




Plane waves in anisotropic medium

We insert the plane-wave solution into the elastodynamic equation and employ the Christoffel formalism. That is we

insert 'IT(E: t) = [-I. F(t — T(Il-'i)) into the eq. . .
Qijrtet; =W, t=1,2,3, Qjn=cju/p

Weget  @uupittUr — Ui =0, t=1,23.

Denoting Pil: = aijuPiM (Christoffel matrix) we come to the Christoffel equation P‘k Uk — [f‘ = .
Les (Fik — Oix)Ur =0
(Alternatively, introducing T, = a; k1IN Ny we get the Christoftel equation in the form
T 12 ¢ T
(Cip — C%03 )UR =0

This is a system of three linear equations for Uy, Uz, Us. If U; and p; satisfy the Christoffel eq. then
the plane wave is a solution of the elastodynamic equation.

We will find p; and U, from eigenvalues G and eigenvectors g; of the Christoffel matrix. That is, we will seek G
(eigenvalue) from the equation

' — G Ty I3
det (Fik - GE*) =0 = det Flz sz -G Pzg
I'y3 I'z3 TF'a—-G

When we find G, we put G=1 to make the equation consistent with the Christoftel equation. (In the case of —l:ik,

we put G = C? (phase velocity)).  existence condition for the plane wave



Plane waves in anisotropic medium (continuation)
We use the standard algebraic procedure to find the eigenvalues. The equation det (Fik - GE*) =0

represents the cubic algebraic eq. G3 — P Gz -+ QG —R= D , where P, Q and R are the
invariants of thelmatrix J: P=trI ; R=detI y
I'nn I I'aa D23 I'i Tis
- det + det .
Q = det ( Iy To2 ) T I'2z s I3 Das
—> 3 roots (in general, sought numerically)

It is obvious that matrix I[;; has three eigenvalues. We denote them G,,, m = 1,2,3. N
As matrix T is symmetric and positive definite, all the three eigenvalues are real-valued and positive.

The equations G,,(p;)=1 (or G, (N)= C?), m=1 or 2 or 3, represents a constraint for p. Only the waves satifying

these conditions represent the solutions of the elastodynamic eq. Thus, in anisotropic media, there may exist
three independent waves propagating in a given direction at different speeds ¢ ¢@ c® .

(m)? _ ~ : (m) _ = . gP, gS1 and qS2 waves
C - Gm(Nt) =|C — Gﬂl(ﬂl) (gS1 and qS2 phase velocities
A/ sometimes close to each other

phase velocity depends on direction (anisotropy) or even coincide — singular regions)

Eigenvectors: ff{m), m=123 (mutually perpendicular) are solutions of the equation

(F;‘k -G, 6*)y£m) =0, i=1, 2, 3 , with the normalization condition gi"’)gﬁm} el

A comparison with the Christoffel condition yields [7 = A g-(m) . Thus, the final plane wave solution is:

L> Jinear polarization

ilx: t) = AG™F(t — Niz;/C™) m=1o0r2or 3|




—0, k£
IsoTr'opic medium - equa'l‘ion Of motion |—> Kronecker’s delta <

=1, k=1

Introducing the Lame’s coefficients A and p Cijkl = A0kl {S@j -+ j{f.((iigciijg -+ (Sjgdﬂ)
we get the following eq. of motion in isotropic meaia

Aitp e + patig + prte; + A + pusu + pugs; +><= PUi ot

... equation for general isotropic medium,
should be solved for u;
(numerically; analytical solution is not known)

This is not a subject of this course

An analytical solution is known only for homogeneous medium (p=const, 4, =const).
Then the equation of motion reads

. Unit normal
(A + ’},)uklk"_ +'Pu‘i,kk +X s p‘u,"'tt to the wavefront
Slowness
vector
The simplest solution of the eq. of motion in homogeneous media

is a plane wave = N I
'!T(f, t) — UF(t e T(I‘)) , T'(z;) = - é L = Pil;

— \

Constant vector amplitude Analytical signal Propagation time Phase velocity
(can be complex-valued) (for harmonic waves exp) linear function of coordinates




Plane waves in isotropic medium

In analogy to the anisotropic case, we insert the plane-wave solution into the elastodynamic equation and employ the
Christoffel formalism. This again leads to the eigenvalue problem, but now the Christoffel matrix has the form:

A+ p

T = PiPe + %fsikpl D

The eigenvalues G can be determined from relation

—-—ﬂp +&pipi — G —-ﬁp P2 —Eplpa
det -i‘ﬁmpz —i‘*pz +8pipi — G ——“-pzp =0.
2 p1ps -ﬂ"PzPa EpS+Lppi — G

This eq. can be solved analyticaly. It can be shown that

det () = Lpp— P pip,

.~ ) = (Ppps — G) (FPpips — G)* =0,

with
=(ﬁ;@)lﬂ and  B=EM

It means that two eigenvalues coincide, i.e., instead of three different values we obtain only two. Thus, only two
plane waves can propagate in a given direction in isotropic media. One coresponding to the eigenvalues

Gi(pi) = Ga2(ps) = .szipi,

and the other one corresponding to

Gs(p:) = o’pips



Plane waves in isotropic medium (continuation)

The constraints G,,(p;) = 1 yield two existence conditions

p% + pg + p§ = 1/0‘.'2 ... P wave (primary)

pl e pz + P3 I/ﬁz ... S wave (secondary), a > 8

\ J

Y X 1\ 2
== ()

C

The existence conditions yield the phase velocity of P wave as C = o and that of S wave C = 3 .

Eigenvecors:
b (3) . : (3) : :
Pwave ....... [—1?,11};|= + ;&kp;p; — 0ik|gy” = 0 . Multiplying this eq. by 9i  and inserting
_ —-3) __ g ... linear polarization, perpendicular to the
bi = Ni/ﬂf weget [§ =xN wavefront (compressional, longitudinal wave)
S wave ....... gt o2) | o3 ... polarized in the plane of the wavefront

(the vectors cannot be determined (transverse, shear wave)

uniquely because of the coinciding eigenvalues)

N

_ ) ~+7 — - > elliptical polarization in the plane
Final solution for P H(-'I-' ; t) = AN F (t — N;z; / a—) : of the wavefront
(in a special case of real-valued
B and C, the polarization is

I
Final solution for S ’E(f, t) = (Bé'l 4 Cé.z)F(t _ N,I‘/ﬂ) . linear).

- —
A, B, and C are arbitrary complex-valued constants. €1 |, €2 are arbitrary mutually
perpendicular vectors situated in the plane of the wavefront.



Plane waves in isotropic medium (continuation)

The constraints G,,(p;) = 1 yield two existence conditions

p% + pg + p§ = 1/0‘.'2 ... P wave (primary)

pf e P% + p§ == I/ﬁz ... S wave (secondary), a > 8

\ Y ) , 1 2
== ()

The existence conditions yield the phase velocity of P wave as C = o and that of S wave C = 3 .

Eigenvecors:

—_— ) — 3
x= 3.77 km x= 4.08 km slying this eq. by g,-() and inserting

P wav
1. T i 1

ear polarization, perpendicular to the
vefront (compressional, longitudinal wave)

larized in the plane of the wavefront

S way
ansverse, shear wave)

Lransverse
QN
I
i
transverse
S}
1
i |

1

|
N

I
—

_ =T, Q. 1y - B 1. —> elliptical polarization in the plane
Final dial . of the wavefront
T1"‘T; Lﬁ: L radilal (in a special case of real-valued
e ' TieTem 7 17 B and C, the polarization is

Final solution for S ’E(f, t) = (Bé'l 4 Cé.z)F(t _ N,I‘/ﬂ) . linear).

A, B, and C are arbitrary complex-valued constants. €1 |, €2 are arbitrary mutually
perpendicular vectors situated in the plane of the wavefront.



Ener‘gy Of elastic waves (coontinuum mechanics basics)

Total energy of a wave = kinetic energy + strain energy (potential energy)

Density of strain energy (per unit volume)
1 y
W= %T,’je,’j = 5Cijkl€ijCkl

Density of kinetic energy

Density of total energy

&
n
=
+
=
|

l 1 . -
= 5Cijkl€ijCkl T 5 PUUji
Density of energy flux
Si = —Tiju; = —CijrerU; = —CijklUk,1U;

Velocity of energy flux = group velocity S
q 1
‘ E
Elastodynamic equation yields the conservation of elastic energy (for vanishing body forces)
-—

OE/ot+V -5= 0



Elastic energy flux

Total energy in a volume V and its time derivative

E=fJfEdv= %gf( %‘;‘ - +'fueu) 4V fff = fﬂ[ et

-2 (4
¢ -1 ('E -
_—“n’ L
' L =-T. A, z=Ze. (£ &
This term can be expressed as 7 = o L

5 (G2 = ) - I e =0
a2 (2 )

i+ [] v 5w =[] Gtav (=0 o Ffi=0)
From the Gauss theorem we get >

ﬁ+fg' djv.S_"dV__D%-—-t-ffS; ;dB =0

That means that the change of elastic energy is compensated by a flux of the vector S (energy flux,
analogous to the Poynting vector) across the surface X.

Direction of S ... direction in which energy flows.
Magnitude of S ... amount of energy passed through a unit area perpendicular to S within a time unit.



Energy of plane waves in acoustic media

Real parts of the complex solutions for pressure and particle velocity can be written as (we

consider p; real) _
1 ™ - ]'P‘ L L]
P=§(PF+PF], U-‘=§;(PF+PF}

Keeping in mind that in the acoustic case, p=-kf, ;= -p; ,

we can write
1 1 1 2 1 2 1 ® ey 2
= Tl = —=PUji = —P = ¢ = _g(PF 4+ P*'F*)*,
W = .27_11“#.1 EP“-,t Ekp 24"5? 8-""-[ + )
1 . 1 1 e W
K = piis = spvvi = g(pc’) " (PF + P°F ¥

1 - Bl
Si — _Ti.l'ﬁ'.‘.l‘ —, ijﬂj = pu; = Epip 1{PF+P F )2,

Since ¢? = (xp)71,

W = K|,

1.e., the strain energy of a plane acoustic wave equals at any time to its Kinetic energy.

The total I
COMEEETR g o %[pr:z]_l{PF + PR = i—n:l[PF + P FY)?

l.e., in acoustic media, the phase and

group velocities coincide in direction and

,u{g} P~ S-}'E - EEP:' =¢cN;=¢ |, _r magnitude (energy flows perpendicularly
' ; to the wavefront).

which yields the group velocity as




Energy of plane waves in isotropic media

We proceed in analogy to the case of the acoustic medium, but separately for P and S waves. Real parts of the solution
are

= ;(AF + A*F*)N; forthePwaveand u; = -[{HF A E.F']gfl] + (CF 4 C'F* )g[:} .

the S wave. Energy quantities are
' 1 ' » e » e’
We = %p{AF'+ ATFY)? Ws = —B-p[[BF + B°F*)} +(CF' + C*F*)?],

[ l I - ..I' - -F
Kp = %p(AF’+A'F' ¥, Ks = E,.;-[(.ELF 4+ B*F*Y?+(CF' +C*F*)Y,

' ]- y i & o' ] e '
Sp; = %paﬂu’;(AF’—{—A‘F' )*,  Ssi= zPBN{(BF'+ B'F )} + (CF'+ CF*)’],
: ' 1 i e AL
Ep = %P(AF’—PA*F' ), Ks=gpl(BF' +B'F*) +(CF'+C°F )’]

from which

In isotropic media, the strain energy of a plane wave
equals at any time to its kinetic energy.

W=K

and

uﬁf‘-] = Sp;/Ep = al¥;, 11{55:} = Sq:/Eg = BN;|

In isotropic media, the phase and
group velocities coincide in direction and

magnitude (energy flows perpendicularly
to the wavefront).



Energy of plane waves in anisotropic media

1 -y
We proceed in analogy to the case of the acoustic or isotropic medium. wu; = —{U F+UF*) = E(AF +A"F )
Taking into account that it
Wi = —3(Up;F'+ Usp,F

Notation for & = —-l(yoq. nNE_ Lrre . .
ol J 14( p; + UJP:)F 1 (U; pi + U_,- ) F
t T4 = = 2Gkp(UeF + Ug Y
we get 1 1 : )
W = 2pa,_,k;u,'_,uk; = SpGiJ‘kgC-?(U,'ij + U,-‘NJ-F‘ )(UkMF' + U‘:N;F. )
S ; Chgrtk(AF, + A° F‘) 9iGk »
1 . . 1 ! « e’ 2
i == §pu,;'u.g - gp(AF + A*F ) ’
1 '
5 = —pa;jk;uthlj = Z-pagjk;C_lN;(AF"i' A*F* )zgjgk .

If we consider the Christoffel equation, multiplied by the vector g;, we get

—

The total energy and the group velocity are

r—— | CAP. i s = s In anisotropic media, the strain energy of a plane
Ligige —C 0 = Ligige = 1 W K wave equals at any time to its kinetic energy.

1 ’ « e’
E=2p(AF' + A'F")" aa v = 8/E = CayuNigige = aisupgioe =3 # @

T P cdo P = 7] 2|

vi lg) A8
/ It can be shown that phase and group velocities differ from each other
(energy flux is not perpendicular to the wavefront)



Plane waves in acoustic, isotropic and anisotropic media - basic differences

ANISOTROPIC

3 independent waves

in a given direction N
gP, gS1, qS2
(S-wave splitting)

‘\

ISOTROPIC

2 independent waves
in a given direction N
P, S

-

S-wave singularities
Phase velocities of qS1 and qS2
are equal in certain directions

All waves linearly polarized
in a general direction not
connected with the wavefront
or group velocity direction

V9, C vary with the direction
of N

> |C]

79 £ C,
o

Energy flux is not
perpendicular to the wavefront

No singularities

P wave linearly polarized
perpendicularly to the wavefront,
S wave elliptically polarized
in the plane of the wavefront
(linear polarization only in special cases)

VI, € independent on the direction
of N

—

7 =C

Energy flux is
perpendicular to the wavefront

ACOUTIC

1 wave
in a given direction N
pressure, “P” (particle velocity)

No singularities

P wave linearly polarized

V9, € independent on the direction
of N

—

7 =C

Energy flux is
perpendicular to the wavefront



Plane waves in acoustic, isotropic and anisotropic media - basic differences

ANISOTROPIC

3 independent waves

in a given direction N
gP, gS1, qS2
(S-wave splitting)

‘\

S-wave singularities
Phase velocities of qS1 and qS2
are equal in certain directions

All waves linearly polarized
in a general direction not
connected with the wavefront
or group velocity direction

V9, C vary with the direction
of N

C=CN
> |C]

79 £ C,
5

Energy flux is not
perpendicular to the wavefront
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V9, € independent on the direction
of N

W =C

Energy flux is
perpendicular to the wavefront



Plane waves in acoustic, isotropic and anisotropic media - basic differences

ANISOTROPIC

3 independent waves

in a given direction N
gP, gS1, qS2
(S-wave splitting)

‘\

ISOTROPIC

2 independent waves
in a given direction N
P, S

-

S-wave singularities
Phase velocities of qS1 and qS2
are equal in certain directions

All waves linearly polarized
in a general direction not
connected with the wavefront
or group velocity direction

V9, C vary with the direction
of N

> |C]

79 £ C,
o

Energy flux is not
perpendicular to the wavefront

No singularities

P wave linearly polarized
perpendicularly to the wavefront,
S wave elliptically polarized
in the plane of the wavefront
(linear polarization only in special cases)

VI, € independent on the direction
of N

—

7 =C

Energy flux is
perpendicular to the wavefront

ACOUTIC

1 wave
in a given direction N
pressure, “P” (particle velocity)

No singularities

P wave linearly polarized

V9, € independent on the direction
of N

—

7 =C

Energy flux is
perpendicular to the wavefront



Inhomogeneous waves

u; = U exp|—iw(t

ptqz] ’—'pg— .+ 1A,

v

real-valued ..... homogeneous waves; complex -valued .

attenuation <«

Propagation vector

|—> Atenuation vector

.. inhomogeneous (evanescent) waves

u; (x,t) = LQexp[—iw(t — Px;)]

. Planes of constant
attenuation angle phase (wavefronts)

\y /

Planes of constant —
amplitude y

Amplitude is no more constant
along the wavefront

The existence condition in isotropic (acoustic) media:

1
PiPi =
il — Aidi +2 >é (2 —»real-valued
4 in a non-dissipative
AP =0 = jf)’ ‘_’ medium
v = £90°
1 1 1
% _PQ_PQJ — @4‘4414‘41 > (.:2
Cinh <C

The inhomogeneous wave is always slower than the
homogeneous one



Elastic waves at interfaces - boundary conditions
(different for different interface types)

SOLID-SOLID (welded contact) z , , .
) Ugp| = [Uy| = |Uy| =
Continuous displacement uabove — ybelow //y [ T [ y] . ]
H 1 —> . = |1, m— [ - :(
Continuous traction above _ mbelow N 1] =1y =[1:] =0
R
T~ = |T- = |Taa| = 0
SOLID-FLUID (no cavitation) [’ “I] : ”y] ”J
uy] =0
T.]=0 = [1:]=0
FLUID-FLUID ) [1,~‘ — ()
u,| = 2]
T.)=0= [T:] =0 pl =0
VACUUM-SOLID (free surface)
Tx:Ty:TZIU @TZI:sz:Tzz:D
no condition for displacement
VACUUM-FLUID (free surface)
For the acoustic case P = 0



Plane waves at a plane interface - acoustic halfspaces

\J/" Incident wave (homogeneous)
25, €

R‘@, . g (5l Pl @ ;o (St)s T Ppy FlE-A%)

..i.
é. 0/4

R ... reflected In the acoustic case, only one reflected and one transmitted
Generated waves G \ wave can exist
. transmitted

Cﬂcf)@@‘@(@m, Pz F -4 - 9

- 2 T ,.fa-Gg
é o 75:—”5— \@:<f

Material parameters (known)
E— Known quantities (incident wave)

- Unknown quantities (reflected and transmitted wave)



Plane waves at a plane interface - acoustic halfspaces (continuation)

Boundary conditions

PF/é-fz )} % P " %’?x-—?’) 7 TE (6~ 2T x ~7)

G PElA )% 5t & PEeg S gy = PTF T4 v—;f)% o

£

hold for any x and t. P. PR. PT do not depend on x and ¢ (plane waves). Thus we can conclude:

1) F(t —peay) = FR(t = piag — o%) = FT(t — pfaf — ¢")
i.e., the same analytical signal for all the waves involved in the R/T problem.
R_R [ T_.7T ;T
Py = pray — o =prag — o

Taking into account two points x, and x, on the interface, we get

Pr(Tik — Tok) = p;gR(il‘-m — Tog) = Pg(iﬁlk — Tok)

S 2 SI1I1 7
2) Tangential components of p ,pR and pT are the same. e —
{4 C1 cq
s — e T )
Pk = P Tk = Pi Tk i (Snell’'s law)
4 p~ and p’ remains in
3) (;)R — q')T — () ... no phase shift at the interface the plane of incidence

determined by p and n.



Plane waves at a plane interface - acoustic halfspaces (continuation)

Transformation of slowness across the interface:

Analyzing the boundary conditions we have found that tangential components of p ,pR and pT are the same.

Incident wave (known)

What remains (in kinematics of the problem) is to determine the normal components of pR and pT
the existence condition (constraint for the magnitude of the slowness vectors)

p—=a+on pG:a+JGn

G

o = pn %

Incident wave (known)

we seek for

pipi = 2;0; 4 (Pmnim)?

pip; = aa; + (Pmnm)’

~a

v
reflected transmitted

. To do this we use

pR

Pai i
i
ni
|

|

ci1P:
C2P2

- ——
- = = —— -—

————e -

1
— + (Pmhim)?
{'_.‘1

Similarly, for the reflected wave we get (C — C1)

l
pg},n'm =5 _% _
{
1 1
p{ = Pk — |PmNm + 22 + (Pmnim )% | npe
5 ]

Transmitted wave

pﬁ? — Pk — 2(pmn'm)'n-k

Reflected wave




Plane waves at a plane interface - acoustic halfspaces (continuation)

Pg =Pk — |PmMm + ) + (pmnm)g T
G A
— _/

~
may be negative if —> complex-valued slowness => inhomogeneous wave

c2 . . . .T
—smmz=sint <1
5]
p’ real-valued
no attenuation
_ C1
sini’ = —
C2
. . C1 .
i* =arcsin [ — )|, T =90°
Co
homogeneous — -
critical angle p' real-valued
no attenuation
% 5 ¥ C1
vercritical angle  sint > — pT complex-valued

o
\ i* C2
: Amplitude decays away from the interface

2

— 1 sin“ i c1
= 5— =Dl = a0, = —3 = Cinh = ——
C: c sin i
i inh 1 ,
inhomogeneous

decays Wlth IncreaSIng Fig. 2.2: Transient plane waves at a planar acoustic interface:
angle Of |nC|denCe (a) Subcritical incidence

(b) Critical incidence
(c) Supercritical incidence.



Plane waves at a plane interface - acoustic halfspaces (continuation)

Transformation of amplitude across the interface:

Boundary conditions (divided by F) yield P + P Q_ P I

- - R R st B T
P1 lpplnl + py " Pimu = pPa IP;T&;P

Introducing the R/T coefficients for pressure — —pP1ny
PE Pt
RE_~_ and RT =~
P P
we get
R‘R RT = 1 Example:

¢,=2000 m/s, ¢,=2500 m/s (c,>c,)
p;=1500 kg/m3, p,=1661 kg/m?

— R, -
pi'mmuR "+ p; lPTanT = p1 P

P1P1 liquid
This set of equations has the analytical solution 100
o 800
_é’ 00 1
T - -7 S 500
R R _ P2Pimi — pipyny _ P2C€2COST — P1C1 COS 1 1200
= - . T ~1800 Jrrrrrrr T
pa2pimu + p1pyny P2C2€0s1 + picy COS % °
1.00 ] \ /
» 0.75 — Y
. - ] total reflection
B - 2p2pimy _ 2paca cost g ]
e —— s -r‘_ 025 -
p2piny + pm}'m p2C2 COS 1 + P1Cy COS 2 P

angle of incidence (deg)



Plane waves at a plane interface - anisotropic halfspaces

1) Incident wave (known) — 3 possibilities (qP,qS1 or qS2)
/Y $8a A.,,u, Ui(Tm,t) = Ag;F(t — przk)
Sl? 5 .f Jr:: Generated waves (unknown) — 6 possibilities (qP,qS1 or qS2 reflected and trasmitted)
: : 5,8, &
J ) (J) 2 "ff ‘2: 3 P 4 /

(’)(:r.m,t) = ANGAFUNt — gz — V), 7= D2 D

reflection transmission
Boundary conditions require: [ A e j =0 - L 7. 7 i
T s Ty S, ma./‘”é"“'
-~ / 7 v

Z*-—A‘%\;::M c?g%F/é '-)

e.g., for the incident wave

_AW G p) _ 4@ g3 ) _ A@)g) pa) 4 406 PO 1 A1) )4 ALYGIO PO = AgiF
A(l)X(I)F(l) A(Q)X(Z)F(Q) A(S)x(3)F(3)+A 4)X(4)F(4) +A(5)X(5)F(5)+A(5}X(6}F(5) = AK F

X .= c:-.'.,‘i.., 7 Js ¢'i* , etc.

-~

BC must not depend on position and time. Thus (similarly to the acoustic case):
1) Analytical signals of all the involved waves are the same

2) Tangential components of slowness vectors of all the waves are the same .
3) Slowness vectors of all the waves are situated in the plane of incidence.

4) There is no phase shift at the interface.



Plane waves at a plane interface - anisotropic halfspaces (continuation)

The slowness vector of any of the generated wave is:

tangential comp. (known) normal comp. (unknown)
to be determined from the existence

condition

| ) Ciikl (1) (1) -
det(T;r — 8ix) = det ( ”p pp?) — aﬂ;) — 0
1
aj + J{j}n.j}(a,g + CTU]'?H) — 51-}:'} =0

... a six-order equation for ¢ — solved numerically;

different for halfspace 1 it has six roots but we need only three — we have to exclude three of them

and halfspace 2

Selection criteria
1) For complex-valued roots (inhomogeneous waves) — the wave must decay away from the interface
Im(d 0 differs in sign f flecti
< 5, differs in sign for reflection
and and transmission
2) For real-valued roots (homogeneous waves) we decide according to the energy flux direction, i.e.,

energy must flow into the right halfspace (1 for reflection and 2 for transmission)
: )

- B e
7 oy —IE 9.9, < o ..transmission
. v = _(D,, %.c. 7 Y2
() .
LA < ... reflection
. = Va 94 ,?& = o

2 all these quantities are found
—_— numerically



Plane waves at a plane interface - anisotropic halfspaces (continuation)

Dynamics of the R/T problem — how to find amplitudes of the generated waves? The scalar amplitude coefficients
are found from BC.

Divided by F' (the same for all the waves), BC lead to the set of equations
_Ail)g‘{li _ A(z)ggz) _ A(S)g,[;a] +A{4)g£4) + A(S)gfsl + A(S}g‘iﬁ] = Ag; ,
A x () _ A(2) x(2) _ Am}{f” 4 A{‘”Xf“) 5 A,(E']X}F’) 4 A(ﬁjxi(s) = AX,

( X .=C e Py Js Ko etc.)

This is a set of six algebraic equations for six unknowns A 0 (solved numerically). It can be solved directly for the
amplitude coefficients or we can introduce R/T coefficients and solve the equations for them.

‘4{??1]

R‘?’Tlﬂ
A

m=1.2,3,4,5,6 ... generated waves

n = 11 2, 3 ... incident waves

Altogether we have 18 R/T coefficients, 9 for reflection and 9 for transmission. They are usually arranged into two
3x3 matrices of the R/T coefficients.



Plane waves at a plane interface - isotropic halfspaces

= ry The incident wave is either P *u,,-(a:m, t) = AN; F(t — Dk 3.':)
s 1 2)
P 1 8y By Do orS (T, t) = (Bgy + Cgi )F(t — pezk)
— fj'a. ) Kz /51, 1, &y From each otf'them we can have, in general, four generated waves which
')

are to be determined.
BC (two solid halfspaces in welded contact):

Lo, J =0 [7' /= o; T; = 1imj = Anjur + pnj(ui; + ujs)
P waves.. T: = —A(AlnszPk -l- 2p1anJN )F(t - Pkﬂ?k)

s yvalu(vies... T: = —[B(g"p; + ¢Mp:) + C(g Pi+ 9 pi)lpan; F(t — puay)
yie

1)  Analytical signals of all the involved waves are the same

2)  Tangential components of slowness vectors of all the waves are

the same . S sin iﬁ — sin if . sin 7:; _ sin 2-1' _ sin % . p= <
3) Slowness vectors of all the waves are situated in the plane of ay "ﬁl [0 2 - ﬂz - /
inddepce' . . Snell’s law
4) There is no phase shift at the interface. (can be used to find the direction
The magnitude of the slowness vector can be determined employing in which the waves leaves the
the existence condition , 1 _ interface)

G - o
Pi Pi — "i:’E’ V= ﬂl;,ﬁ[,ﬂzﬁj‘g .

. e -
The slowness is then P‘ = p; — {(Pmnm) :I: [V-2 _ V—:i + (pmnm_glliz}ni

Specifically, for monotypic reflection can be negative; even three inhomogeneous waves
S R may exist simultaneously

y =V = Pk =Pk — 2(pmn‘m)nh% always homogeneous



Plane waves at a plane interface - isotropic halfspaces (continuation)

In isotropic media, many jinds of inhomogeneous waves can exist:

| | | :
! 1
[l ' l
1 1 ' .
1 : : '
[}
E i Incddent H S P Ine P S tne.P . ) : :
o L AN ! : :
F N g |/ |/ A N\
D interface | e : :
1 ! ! ~ 23 |
1 \ '
H \5 | . | I !
I '

sini > Bi1/az, sini < B/

sini < B /az

—_

Rt e B et

|
|

Necessary conditions for this case:
1) Incident S wave

%

—

B T (. N ———

R §
!

2) /34 < &,
3, <73,

sing > B1/ay, sini < B/ /34 < f-(z- sini > B1/Ba

-—— —— - - - = -

]
'
!
|
]
]
'
]
-
!
'
i
i
'
]
]
[




Plane waves at a plane interface - isotropic halfspaces (continuation)

Dynamics of the R/T problem — how to find amplitudes of the generated waves? The scalar amplitude coefficients
are found from BC.

) Differ according to
Divided by F (the same for all the waves). BC lead to the set of equations the type of theg

AtNt+ Btg,‘l )¢ Ct (Q)C ArNr Br (l)r Cr (2)1' incident wave
A'X 4+ B'Y + C'Z — A XT - BTYT — O 77 = ()
X; = An;Nips + 2pun;p; N;

. W, @
Y: = pn;(g = + % )p-) D; = BgM 4 C-gm . B. = BY
Z; = pn;(gip; +9; B
This is a set of six algebraic equations for six unknowns A, B”, C’, A!, Bt and C". Let us introduce the R/T

coefficients R~ @f [ \S1 (S1.\51  S2.S1 P
generatedw. € - incident w. \\\ ,1' : \\\ o \\\
an,m =7 -- ?; ' Ru ‘. Ru / Rz
B e 852 S1. 52 S2 .82 P
r r — * 7 . J .
(eg, 8/8 3 28/4.-. . ’ . K

4 )/9 - ,',R2l .‘-‘-' Rz - Rz
Altogether we have 9 for reflection '
and 9 for transmission, Rii Ras Ry P 431 P 452 P P
T () [N
Rgs Rez Rz ) LW Ra  \Ra Rss




Plane waves at a plane interface - isotropic halfspaces (continuation)

In isotropic media, the dynamics of the R/T problem can be simplified if we consider
—(2) = (2) ~>f2) ¢ L
J il ’,_ b —j— plane of incidence. Then:

i =(0,0,1), N =(N,0,N5), 5 = (g{,0,4§"), § = (0,1,0) ... ctc.anaBC

separate into two independent sets of equations

PtSthart . (l)t (l)r - SH part
r T
A'N; + B'g;" — A'N] — B"q; " = D, B = B
1 - — — =
AN + Bl o — AT = B'g“" o T S
-~ C'Zi—-C"Z; =
A'X] + BY} — A'X] - B'Y] = B, , : :
(fully analogous to the
A‘X; + B'}’; - ATX; - B'Y] = ES . acoustic case)
X1 = 2pp3 Ny, X, =0, Xz=ApN1+p3N3)+2up3 N3,
1 1
=@ +d"m), Ya=0, Yi=2ug{"ps,
Z =0, Zy=pp3, Z3=0.
Thus, we have only 5 non-zero coefficients for P PP SV.SV .SV SV SH SH
reflection and 5 for transmission. Analytical \/ \‘;’4 ‘( / ‘: 7’4 * _.'4
formulas can be found for them. ﬁ Ra = Ra Ro = A
Rl ) 0 Rl . reflection
R™ = 0 Rxp O P = oY \s(y SH
R31 O R33 \ R \ R \ Ris \\ Rau '-"Ru

transmission



Plane waves at a plane interface - isotropic halfspaces (continuation)

REFLECTION TRANSMISSION
Rll = D—l [q2p2P1P2P3P4 -} plpz(a1ﬁ2P2P3 - ,61(12P1P4) RII = 2,81P1P2DF1(C21P3Y -+ agPlX) y
- alﬁ1P3P4Y2 + aZﬂZPIPZXZ - a1a2ﬁlﬂ2p222] ’ R13 = 26ﬁ1p1pP2D_1 (qP1P4 s (1’1)82Z) ,
Riz = —2¢6ipPaD7 ' (qPsPyY + 2, X Z) Ray = —2ea1ppPID Y (qPPs — frasZ)|,
Ry = 2earpP D7 (qPsPyY + 02X Z) Rss = 2a1p PLD"Y (G P X + BiPY)

Rss = D7'g*p*PiPyPsPy+ p1p2(BraaPiPy — 32 Py Ps) Ry = 2pBi DY .
— 1 BPY? + a5 PP X — alazﬁlﬁszZZ] )
Ryz = D Ypif1 P2 — p252Py)

D = @*p*PiPyPsPy+ p1p2(f1a2Pi Py + 152 P2 Ps) p=="— U= Q1013
+ a1 PsPY? + aplo PP X? + a1 2p° 27
D = p1fi P+ p25aFy e = sgn(p - n)
¢ = 2(p2B; —pBr), X=p2—qp”, Y =p1+qp°, Z = py— p1— qp”

P = (1-afp®)'?, P=Q01-6p)"2, PBB=(1-a2p)?, P=(1- p2p?)/

Square roots e t= 12, 3,4, may be imaginary. ... complex-valued R/T coefficients



Plane waves at a plane interface - isotropic halfspaces (continuation)

REFLECTION

TRANSMISSION

Rll

Ris
R3;
R33

D7 ¢*p* PLP2Ps Py + p1p2(c13a Po Ps — Brax Py Py)
01ﬁ1P3P4Y2 4+ agﬁzPlszz - 0’10’2515219222] )
—2ef1pPo D! (qPsPyY + a2, X 2)
2ea1pP D" qPs Y + a2, X Z)

D~ q*p* PLPy P3Py + p1pa(fraa PL Py — 0132 P, Ps)
a1 PsPyY? + ao PP, X? — cnaz i Bap® Z7)
DY (p151 P2 — p252Ps) -

Ry
Ry3
R3,
Ras
Ra22

l

260p1 P D (a1 PY + ap P X)
2e01p1pPe D7 (qP Py — a1 32 Z)
—2ea1 p1pP. D Y (qP Ps — Bz Z)|,
20101 PL D (6. X + 1 PLY)
2051 P.D7 .

The scalar amplitude factors of the generated waves may become complex-valued, which has important
consequences for:

1) S-wave polarization (elliptical instead of linear)
2) Seismogram waveform (shape of the R/T signal)
As only the real part of F has the physical meaning of displacement (or pressure), e.g., for PP reflection

we

get

Riui} = R{Rs AN F} =T

R33AN;R{F'} ...for the real-valued coefficient

Square roots P;, i = 1,2, 3,4, may be imaginary.

.:’4_"‘\?1(%{..[':'}3%{}?33} — E}{F }Q}{ Ra3 }) ...for the complel-valued

coefficient

... complex-valued R/T coefficients



Plane waves at a plane interface - isotropic halfspaces (continuation)

Examples of R/T coefficients

WEAK INTERFACE - REFLECTION

:_’}' :58

% ) .'[az/?f =7 ‘”ﬂ% :E_ f/:par's'aﬁﬂ J‘ef"r'ﬂf)

~ : e ., ¥ . _..-"3.1 i &, . e | LT o
A% m—umﬁé')ﬂ-f?: §7°, A, = arcsin (ﬁfd}_jr. 26 A, maresin qL)‘*"f ”{i)’ §3.73



Plane waves at a plane interface - isotropic halfspaces (continuation)

Examples of R/T coefficients

WEAK INTERFACE - TRANSMISSION

3
7, = 0.8 -{a-Z/:'P =7 Mé:}'f f/:par's'aﬁﬂ J‘ef"r'ﬂf) ]

T T
3¥-5Y

2. . -
P=P 3.4
L.
1.2
.00 4
B \\‘_‘_
L}
314
”u 30.0 60.0 90.0 0 30.0 B0.0 90.0
FMGLE FNGLE
E L] T T L] ¥ T L]
P-5¥ 314 _.H_______-
1.6
1.2
.00 }
a -
o4 'M 3 I. l‘
n i 1 L a —— - I S
0 30.0 80.0 50.0 1] 30.0 E0.O 50.0
ANGLE ANGLE

. | _ B L * ,
s:,;*hg ﬂm;r’ﬂﬁ%’-)*fi 5'??- "'1”;': o [f%}:jf‘fg;' W = P

e inf B2 -
ﬁb)_&n:s {f) 53.73



Plane waves at a plane interface - isotropic halfspaces (continuation)

Examples of R/T coefficients

STRONG INTERFACE - REFLECTION

G{f,';{’, = {:l"; Iaz/pf:? a{é :} f’ltpﬂr'i‘sﬂﬂ Jefr'ﬂf/]

L

.0 0.0 60.0 80.0 .0 3.0 E0.0 80.0
ANGLE ANGLE
T T ¥ T

: sv-P ) ] 3.4 p—— -\ —_———

PSV

1 1 1 i
590.0 .0 3.0 80.0 30.0

] RNGLE
B}
v T T T
At LM — i
2t :
'°.n 30.0 E0.0 0.0 00 F J
FNGLE
3.14
90.0 .0 0.0 80.0  50.0
ANGLE

,.-1-_::: A el fﬂ(;—ii = *‘?3 35:- ..-t'-:: Arciea ('55) :fj,a‘?:ﬁ' ,g.‘?i Qrrsia f%}:jf 'y : ,{1.:: arefii l/%f) = 53-;"1; ®

(=wrsn(22) )



Plane waves at a plane interface - isotropic halfspaces (continuation)

Examples of R/T coefficients

STRONG INTERFACE - TRANSMISSION
G{f,';{’, = {:l"; Iaz/pf = Mé:éf fltpa.r'.':‘c:ﬂ-ﬂ ;efr'p{)

L

,.-1-_::: A el fﬂ(;—ii = *‘?3 35:- ..-t'-:: Arciea ('55) :fj,a‘?:ﬁ' ,g.‘?i Qrrsia f%}:jf 'y : ,{1.:: arefii l/%f) = 53-;"1; ®

(=wrsn(22) )



Spher'ical wave ... another simple solution of the eq. of motion in homogeneous
media (closer to reality than the plane waves)

We will introduce it for the acoustic case (isotropic and anisotropic cases are analogous). First, we transform
the equation of motion for homogeneous medium (p = const) @
DA . 2K . F

i C 2
Gx 2 ot

A

to general curvilinear coordinates y,,Y, and 7s:
1 [ o (hzhs ap)+ 8 (h1h3 ap)+ 8 (hm dp )] _ 20 _ £
hihohs 6’71 hi 6’71 5'72 ha 872 373 h3 673 ot? T

Scale factors Body force (usually set to zero) <——

For example, for spherical coordinates
zy =rsinfcosp h,=1
T2 =rsinfsing hy="

z3 =rcosf hy, =rsind
we get

1 0 dp a (. ap 0 1 3p)\|_ Pp _ -
72 sin 8 [Br (r s’nea ) 39( 39) +3(,a sin 8 8y (r,6 (‘D)atz =F

\U/ E:?/ﬁ,@,gﬁ,‘t}

2 8%p
..1__2( 3p)+ 1 -(%—(smé’ap)—l- 1 6p—c2(r9tp) = B

r29r \ Or 72 sin 8 88 ) * rtsin? 6 Op? 912



Spher'ical wave ... another simple solution of the eq. of motion in homogeneous
media (closer to reality than the plane waves)

We will introduce it for the acoustic case (isotropic and anisotropic cases are analogous). First, we transform
the equation of motion for homogeneous medium (p = const) @
DA . 2K . F

2x.*

A

to general curvilinear coordinates y,,Y, and 7s:
1 [ o (hzha ap)+ 8 (h1h3 ap)+ 8 (hm dp )] _ 20 _ £
hihohs 6’71 hi 6’71 5'72 ha 8'1’2 373 h3 673 ot? T

Scale factors Body force (usually set to zero) <——

For example, for spherical coordinates
zy =rsinfcosp h,=1
Te =rsinfsing hg=71

z3 =rcosf hy, =rsind
we get

1 %) dp 6 (. ,0p 0 1 8p\|_ ....___“
Yy [Br (r sm@a) 30 (smﬁae +5(P 508 0y (r9(p)at2-F

E:?/ﬁ,@,gﬁ,‘t‘)
1 0 ap " 1
;EE or r2sin @

We seek for a spherically symmetric solution, i.e. independent on fand ¢.

2
e " 9’99)‘_9_2. = B




Spherical wave

We get the following equation of motion

20p(r,t)  0°p(r,t) _,8%p(r,t) _
e T ez ¢ Tam 0.

which can be formally rewritten for 7p instead of p itself:

3*rp(r,t) o O%rp(r,t)

0
or* ot?
This is 1D wave equation, the well known solution of which is the plane wave:
T
rp(r,t) =P F (t — -
c
' T
Thus p(‘l‘, t) = —F(t— =] ..aspherical wave
T &
/ \
Amplitude is not constant Surfaces of constant phase Point
- it decays with distance as ~ 1/r (t=r/c) are spheres /

sourcc

(geometrical spreading)

(wavefronts) originating
at the coordinate origin
(point source) with the radius r




Spherical waves has analogous properties to plane waves in terms of:

1) Number of waves in acoustic (1), isotropic (2) and anisotropic (3) media.
a D

Vx—EBnapshol 1 z—plane ¥y—3napshotl in x—z planc Ve—Enepshot in x—z-—plane

S000
S000

z-Distanee ()

F— ———
z—Distance {m)

L]

T
" " 1 " -
r—Distance [m)

4]

E-GUU
5000
5000

5000 0 5000 5000 e o0 6o 5000
x-Distance {m) * 'JsLuncc [rn] x-Distanco (m)

BT T BT T e T

2e10® sx108
weloclly In m/8 velogliy In m/s veleclly In m/s

.. an example of anisotropic wavefronts
(from Brietzke, Diploma Thesis)

2) Energy flux and group velocity direction (perpendicular to wavefronts only
in acoustic and isotropic media; in anisotropic media it can be perpendicular
only for certain symmetries of the medium in certain directions)

Any spherical wave can be decomposed to plane waves (Weyl integral). The R/T problem can
be solved for the elemental plane waves and the final solution is obtained by their integral
superposition.



HEAD WAVES Cc, > C,

a Wavs
t < h/G,
e &
Sin 1(1‘7 1/0
5
Medium | (‘/,l,
’ r
Medium 2 % .
— \/.’(72+1’12=>dt 1 T _ sing
- c dr e Vz2+h2 o
z
Incident Wave Jl
\h/o.c t<h/(c cos i%) __‘Mo
. T Y P moves
h T along the inteface o — €1
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In isotropic media
various types of head waves
can exist




HEAD WAVES - traveltimes

[travel time
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Direct wave travel time 0 r* rt r

Td(,r) — [rz + (hR - hS)Z]l/Q/(;l ... for hg = hg linearly depends on r
Reflected w‘;:lve travel time
T°(r) = [r* + (hgr + hs)?]M? /e
Head wave travel time
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HEAD WAVES - amplitudes

Asymptotic expression for head wave
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analytic signal of the incident wave

Kinematically analogous waves -
slightly refracted 1st order waves:
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for a 2nd order wave

“whispering gallery” wave



Green's function - acoustic case

Assume the scalar acoustic equation (p p 1,) + f ¥ o K;p with a very special source term.
L _ J(¢-2,) I (x-x])

.. a unit pulse in space and time

The solution for such a special source term is called “Green’s function” . (the source acts at the time 7,
Let us denote it G. It is a solution of and at the point x,)

1 - ]

—GJ' — kG = —a(t—fg}é(X—XQ) .

3

The solution depends on the ‘source’ position and time as well as on the ‘receiver’ position and time:

G = G(Cnm, t; Tom to)
J J
receiver Z \’_\ source

For general inhomogeneous medium, the equation must be solved numerically. In homogeneous media
(p=const), the solution can be found analytically. It has the form of a spherical wave:

— > = |X —Xp
source time  propagation time

In homogeneous media, the GF does not depend on X and X,
but only on the source-receiver distance.



Green's function in acoustic media (continuation)

What is the Green’s function good for ?
It allows us to find easily the solution for a more general source
(distributed generally in space and time).

1) A point source at X, general source time function f(-t,)

(0~ p.5) s — K = —3(x — x0) f(t —to)  T(t—to) = [f 1)8(t — 70 — T)dr

I ”
P 7
- 5( to — ——)
4!1 ﬂ T C

)= 4o [ 503 C)dt= s (t-t— 1)
m,t) = é t—tg—7——|dt = t —1to — —
p(m. 1) 4ﬂ,_/_ (e ta = (.

2) A finite-extent source (generally distributed in space) with general source time function f(#-¢,)

(p_lp,i),?i — hp — _f{Im t— tD

— /// T — 20 ) f(t — to)dV’
P(Tm,t) = 1 ///f t_tﬂ_?}dv’




Green's function - elastodynamic case (anisotropic, isotropic)

. : |
In elastodynamic case the GF is a second-rank tensor Gin( Tyt Tom, to)

= <
receiver source

Its physical meaning is the following: it represents the i-th component of displacement
at a point X and time ¢ induced by the unit pulse body force acting
at a point X,) and time 7, in the direction of the n-th coordinate axis.

fi = 6ind(Zm — Tom )O(t — 1,)

It is the solution of the equation:

(Cijlekn,l),j — PGin,tt — _5£n5($m — J3cn'r1)‘5(t - to)
...must be solved numerically

Analytical solution is known only for homogeneous, isotropic, unbounded medium (Stokes, 1849):

78(t —to — T)dT

3N,’Nn — Jin /B
G{n(mmat;momato) = f

4 pr3 [

NiN,§(t —t, —Z)  (NilNp = 8in)d(t —to — 3)

4mpalr 4mpBir
In homogeneous media, the GF does not depend on X and X, but only on the source-receiver distance.
Moreover, the result will not change when interchanging source and receiver,




Green's function - elastodynamic case (anisotropic, isotropic)

. : |
In elastodynamic case the GF is a second-rank tensor Gin(Tmsts Tom, to) -

= <
receiver source

Its physical meaning is the following: it represents the i-th component of displacement

at a point X and time ¢ induced by the unit pulse body force acting
at a point X, and time 7, in the direction of the n-th coordinate axis.

fi = 6ind(Zm — Tom )O(t — 1,)

It is the solution of the equation:
(Cijlekn,l),j — PGin,tt = _5£n5($m - J3orr1)5(t - to)
...must be solved numerically

Analytical solution is known only for homogeneous, isotropic, unbounded medium (Stokes, 1849):

7 near-field part

NiNn e 5111)5(1" - to - é’

4dmpf32r

————>  farfieldterms &
Gin(mma tl :Bo’m:to) = Gni(mom’t; Lm, to)




Green's function - isotropic case (continuation)

in terms of wavelength
Discussion of the Stokes solution:

NG

Near-field part decays more rapidly with distance compared to the far field terms =) far-field terms dominate at greater

W distances from the source.
(far-field/near-field ratio is  ~~_ for P and

X

N:N,.§ (t _ i, — 1)

(81

“T fors wave).
Ié;

27 x number of wavelengths between source and receiver
Far-field P

dTpar b l 7

.. a spherical wave propagating at the speed o from the source point;

- a*
amplitude decays as 1/r; % i

the wave is radially polarized (vector product with N vanishes); v - .
amplitude not constant along the wavefront

~ cos Y (angle between the force and radius vector)
/1N

1 r

Far-field S 47rpﬁ2r(6in — NiNn)o (t—to — E Pie

... a spherical wave propagating at the speed /7 from the source point;

amplitude decays as 1/r; [ i

the wave is tranversally polarized (scalar product with N vanishes); ‘\
amplitude not constant along the wavefront

~ sin y (angle between the force and radius vector) \ /

. "
Ratio of maximum amplitudes of S and P waves is o %32 ~ 3 (for Poisson solid)



Green's function - discussion of the Stokes solution (continuation)

N X, N X,

X,

Figure 19: Radiation functions of P- (a) and S waves (b) due to a vertical
point force in an isotropic medium.

& . U r/8
Near-field term 3N,Nn 5m f T(S(t —t, — ’r)dT |
r/a

linear time dependence

47 pr3

&
~

. non-zero only between P and S arrivals;

amplitude decays as /5, 9 N N. (r/8
el vt —1, = 7)dr = ( )
47 pr3 /;/a ( ) 7 0

it can be decomposed into the radial component (taking scalar product with N)
and transverse component (subtracting the radial component)

N; Ny, — din ]’/ﬁ
r/a

same as P
same as S

Té(t — t, — T)dT

4 pr3



Green's function - discussion of the Stokes solution (continuation)
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Figure 19: Radiation functions of P- (a) and S waves (b) due to a vertical
point force in an isotropic medium.
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Green's function - elastodynamic case (anisotropic, isotropic)
| ¥

What is the elastodynamic Green’s function good for ? both analytical and
™ 5V It all to find th luti f 1 numerical (for inhom.
allows us to find the solution for a general source ¢, oic or anisotropic
(distributed generally in space and time). structure)

Assume Gin(Zm, t; $£:1), ts) corresponding to the source term (force distribution)

the solution we seek for 5in5($m - :Eg))é(t - ts)
+ homogeneous initial and boundary\conditions. G, is unique (uniqueness theorem).

Assume further a general solution u/x,,,?) corresponding to the force distribution f(x,,?)
+ given boundary conditions (e.g., stress-less Earth’s surface) and homogeneous initial
condition (““quiescent past”). It is unique (uniqueness theorem).

THE TWO SOLUTIONS ARE CONNECTED THROUGH THE SO CALLED
REPRESENTATION THEOREM : (for simplicity assume #,=0)

+ oo
Up(Tm, T) :/ dit //ff Gpi(Tm, T, T{S] t) dV

_ /+°°dtf/ CiskiTU; (T, ) djpk(rm T, x5 t) dS




Seismic source representation

How to introduce real seismic source into the representation theorem ? There are two ways:

1) we consider an additional surface (fault) in the model, with predescribed displacement and
traction. Assume zero body forces inside the volume ¥ and homogeneous BC for G

on the outer boundary §V . Then the representation theorem

simplifies significantly. The only non-zero contribution is the surface

integral over the additional boundary . In the frequency domain

(to get rid of the time convolution) it is:

oV

up(X,w) = ]E+ n;(y ) eiu(y ) {ura(y, w) Gpi(x,y,w) — G (x,y,w) ui(y,w)}dy

= / (Y)Y ) {uea(y,w) Gpi(%,y,w) - Gpra(x,y,w) u;(y,w)}d*y
Assuming further (without loss of generality) continuity of G and traction across
the slip function as displacement discontinuity across Z, S(y, w) = uly, w)
we get

up(x,w) Zj;;nj()’)%k:(}’)ka,z(xﬁyﬁw)si(y,w)dzy

>, and introduTng

. —“u(ya w) .

In the time domain (applying the inverse Fourier transform) it has the form:

up(x,8) = [ dr [ ni(y)esu(y) Coralx.t = 7.y.0) si(y, 7)d




Seismic source representation (continuation)

But there 1s another, alternative possibility how to introduce real seismic source into the
representation theorem.

2) Assume that because of the source action, the real stress Gy differs from the model,
linearized, Hookian stress T; in the source region. In order to keep the elastodynamic

equation valid, we have to introduce an extra body force f; = 0ij.; — Tij; = —Mij ;i
to balance this difference. —
equivalent body force seismic moment tensor density

Assume the same boundary conditions as in the first case. Then the only remaining term
in the representation theorem is:

UP(X, OJ) = B V/V-m-ij’j (y, w)sz' (X, Y, W)day integrating per partes we get —

./V m;'j(Y3 w)‘sz',j (X.‘ Yy, @’)dsy <

If the equivalent body force is located only along the fault plane X, we get:

up(x, UJ) = / m‘.j(y, w)#Gpi?j (X, V. m)d‘?y- Compar_ing with the case 1)
; we obtain Mij = CijkiMk S

In the time domain:

up(x,t) - [_wdTLmij(y 1T)Gl'p,j(y ,t——'r,x,O)dzy
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