Ice crust - convective ocean model

Jakub Kvorka! and Ond¥ej Cadek?!
LCharles University, Faculty of Mathematics and Physics, Department of Geophysics

29.3.2023

Jakub Kvorka and Ond¥ej Cadek (shortinst) Ice crust - convective ocean model 29.3.2023



Overview: Topography and shape of Titan

Figure: The shape (first row) and the topography (second row) of Titan up to
degree 5 and its zonal part including the degree/order 2/2 [Corlies et al., 2017,
Durante et al., 2019].
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Overview: Topography inversion, Kvorka et al. |

Figure: Left: Simple model for a topography variation driven by the variations of
the heat flux at the ice-ocean interface. Right: Inverse problem solution [Kvorka
et al., 2018].
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Overview: Rotating convection

Figure: Temperature fluctuations profile in rotating convection models. The
influence of the Coriolis force is rising from the picture (a, non-rotating case) to
the picture (d, rapidly rotating case) [Gastine et al., 2016].
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Overview: Rotating convection

Figure: Heat flux variation, [Amit et al., 2020].
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Figure: Topography vs heat flux, [Kvorka and Cadek, 2022].
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Overview: Heat advection along boundary

Figure: Boundary deformation and heat advection, [Labrosse et al., 2018].
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Overview: Heat advection along boundary

Figure: Boundary deformation and heat advection, [Kihoulou et al., 2023].
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Foundations: Ice shell

o the model describing the viscous deformation of an ice shell [Kvorka
et al., 2018, Cadek et al., 2019] with possible influence of heat
advection along a phase interface [Kihoulou et al., 2023]

ocean

ocean heat flux variations
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Foundations: Ice shell, governing equations

V=0 (1)
V-oi+ pigai(Ti — Tio)er = pi(ger — VV) (2)
o;=—pil + ni (VV,‘ + (VV,')T) (3)
T;
p,-cp,-aat =V-(ANVT) = picivi-VT; (4)

v; - velocity of the ice flow, o; - the Cauchy stress tensor, p; - density of
ice, g - gravitational acceleration, «; - thermal expansivity of ice, T; -
temperature, Tjo - reference temperature, V - the self-gravitational
potential and the potential of external forces, p; - pressure, 1; - viscosity,
Cpi - thermal capacity at constant pressure, A; - thermal conductivity
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Foundations: Ice shell, boundary conditions

@ surface of the ice shell: isothermal material boundary [Cadek et al.,

2017]
oT;
Ti(rs4+us)=Ts ... Ti(rs)+ usﬁ(rs) =T (5)
n‘O'i(rs + US) =0 .. er-o-,-(rs) + piguse, =0 (6)
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Foundations: Ice shell, boundary conditions

@ ice/ocean interface: phase boundary [Kvorka et al., 2018]

Ti(rp + up) = Tim(p(rs + up)) (7)
n-o(rp + up) = —pw(rp + up)n (8)
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Foundations: Ice shell, boundary conditions

@ ice/ocean interface: phase boundary [Kvorka et al., 2018, Cadek

et al., 2019]
oT; dTnm
Ti(rp) + Ubﬁ(fb) = Tm(pp) — ngthp(Pb) (9)
*er'ai(rb) - (Pi - pw)guber = pp€r + pw V(rb)er (10)

ocean

t, - topography of the ice/ocean interface (distance from geoid [Cadek
et al., 2021))
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Boundary evolution

@ the surface: evolution of material boundary [Dingemans, 1997]

@ the ice/ocean interface: evolution involving the freezing/melting
processes [Kvorka et al., 2018, Cadek et al., 2019] under the
assumption on continuity of laterally averaged radial part of the heat

flux 9ri=Arw

8u5§t) = ervi(t.rs) (11)
8 t ari tar * *

0 et - T et - @] (2)
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Foundations: Water ocean, governing equations

@ non-dimensional treatment [Schmitz and Tilgner, 2009, 2010]

V-, =0 (13)
1 (00w . . 2 L Fg
Pr(f)f + vW-VvW> + ﬁezwi =—-Vp, + V2V, + Ra ﬁ
(14)
Tw - -
0 v, VT, =VT, (15)

ot

- ocean velocity, - dimensionless time, e, - unit vector along the z

axis, py - water pressure, 7 - dimensionless radial coordinate, T,, - ocean

temperature
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Foundations: Water ocean, control parameters

Considering D,, = 500km and parameters relevant to Titan's ocean:

o Rayleigh number Ra = a, g ATD3 /(Kuwvw) =777

o Ek=1,/(QD2) ~2x107'2, Pr =v,, /Ky, ~ 10
Rayleigh number estimate: Q ~ 400GW from our model of the ice crust,
R: = RaEK?/7/Pr~3.3

RaEk*°pr
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Foundations: Water ocean, boundary conditions |

@ mass conservation at the boundary provides an estimate on ocean
radial velocity [Slattery et al., 2007]

pW <er.vw — aautb> = p’- <er'vi — 88utb> (16)

e e,-v;: 1-1000 mm/year [Kihoulou et al., 2023]
o |vy|: m/s [Soderlund, 2019, Kvorka and Cadek, 2022]

@ mechanical boundary conditions: impermeable stress-free
boundary
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Foundations: Water ocean, boundary conditions |l

@ thermal boundary condition: fixed temperature

Tw(rp + up) = Tm(p(rs + up))
Tw(re) = Te

@ by the same procedure as in the case of the ice shell we obtain

OT dT,,
Tw(rp) + up o (rp) = Tm(ps) — ngthp(pb)

Tw(rc) =T,
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Foundations: Water ocean, boundary conditions Il

@ non-dimensional form of thermal boundary condition

. B gDy dT.. .
Tulf) = rTZNu pAgT o ) (21)
T,(7) =1 (22)

@ new non-dimensional parameter C;

pw&Dw dTn,

C
AT dp

——(pb) (23)
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@ spherical harmonics decomposition in lateral variables and finite
differences in radius

separation of time scales
Ek € {9x107%,6x107%,3x1074}, Pr =10
Ra = 3.3xPrxEk~'?/7 (Rt = 3.3)

Cr € {0.3xNu,0.8xNu} and control run with homogeneous melting
temperature along the boundary

rs = 2575km, rp, = 2500km, r. = 2000km

@ only a diffusion creep in ice viscosity
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Results |

Figure: Ocean dynamics comparison. In the first row, the temperature deviation,
zonal flows and radial velocities. In the second row the heat flux at the top of the

ocean. From left to right: no boundary temperature variation, C; = 0.3Nu,
CL = 0.8Nu
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Results I

Figure: Ocean dynamics comparison. In the first row, the temperature deviation,

zonal flows and radial velocities. In the second row the heat flux at the top of the
ocean. C; = 0.3Nu in all cases.
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Results I

Figure: Topography (the first row) and shape (the second row) comparison.
Nu =

=45.4 in all cases. From left to right: no boundary temperature variation,
C[_ = O.3Nu, CL = 0.8Nu.
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Results 1V

Figure: Influence of the changes in melting temperature on zonal part of
topography. Estimate on the Clayperon slope parameter for Titan reads
C. =0.0-0.3Nu.
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