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Buoyancy driven flows
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Oberbeck—Boussinesq approximation

Original papers:
> J. Boussinesq. Théorie analytique de la chaleur.
Gauthier-Villars, Paris, 1903

» A. Oberbeck. Uber die Wirmeleitung der Fliissigkeiten bei
Beriicksichtigung der Stromungen infolge von
Temperaturdifferenzen. Ann. Phys. Chem., 1:271, 1879



Oberbeck—Boussinesq approximation

Governing equations:

divv =20
dv
prefE =-Vm+ ,urefAV + pref(l + Oé(0 - 9ref))b
do
refCmyref 7, = Af
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Rayleigh number:
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Full system of governing equations

Governing equations:

%—l—pdivv:o

p% =divT + pb
de

pE:TT:ID—divq

Constitutive relations:

T =—pl+2uD
q=—xVeo
p=p(p,0)
e=e(...)



Oberbeck—Boussinesq approximation

» E. A. Spiegel and G. Veronis. On the Boussinesq
approximation for a compressible fluid. Astrophys. J.,
131:442-447, 1960

In equation (19) we have retained the term
ge(p'/Apo)k even through it contains € as a factor.

» John M. Mihaljan. A rigorous exposition of the Boussinesq
approximations applicable to a thin layer of fluid. Astrophys.
J., 136:1126-1133, 1962

» K. R. Rajagopal, M. RizZi¢ka, and A. R. Srinivasa. On the
Oberbeck—Boussinesq approximation. Math. Models Methods
Appl. Sci., 6(8):1157-1167, 1996



Oberbeck—Boussinesq system as an approximation of an
“exact” system

» Mechanically and thermally compressible/expansible material
(Ma = ¢, Fr =~ /e).
Eduard Feireisl and Antonin Novotny. The
Oberbeck—Boussinesq approximation as a singular limit of the
full Navier—Stokes—Fourier system. J. Math. Fluid Mech.,
11:274-302, 2009

» Mechanically incompressible and thermally
compressible /expansible material.
K. R. Rajagopal, M. RiiZi¢ka, and A. R. Srinivasa. On the
Oberbeck—Boussinesq approximation. Math. Models Methods
Appl. Sci., 6(8):1157-1167, 1996



Buoyancy driven flows in viscoelastic fluids
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Viscoelastic fluids — Maxwell model

Mechanical analogue:
» Spring — energy storage.
» Dashpot — energy dissipation.
Problems:
» Distribution of the deformation between the elements (spring,
dashpot).
» Three dimensional model. (Galilean invariance.)

> Meets laws of thermodynamics. (No perpetual motion.)



Upper convected Maxwell model

A three-dimensional incompressible viscoelastic rate type model:

T=-pl+S
T§+S:2MID
divv =0

1 T
D =gef 5 (Vv + (Vv) )
L —def Vv

v dA
A=gof — —LA—ALT
def dt



Oberbeck—Boussinesq approximation for viscoelastic fluids

Governing equations:
divv =0
dv i
pref& =divl + pref(l + Oé(0 - 9ref))b
dé
refCmyref 7, = Ab
Pref Cmyrel T =

Naive approach is to replace Navier—Stokes fluid model

T =—pl+2uD
by Maxwell model
T=-pl+S
75 +5=2uD

divv=20



Full model

Requirements:

» Mechanically incompressible but thermally
compressible/expansible materials. (Liquids.)

» Different nature of the pressure. (No equation of state.
Liquids.)

» Viscoelastic fluid like materials. (Internal energy has a
non-thermal contribution.)

> Interplay between all the effects.

Simplification:
» Let us consider only constant material coefficients.
(Temperature independent viscosity.)



Plan

Viscoelasticity:

» K. R. Rajagopal and A. R. Srinivasa. A thermodynamic frame
work for rate type fluid models. J. Non-Newton. Fluid Mech.,
88(3):207-227, 2000

Mechanical incompressibility and thermal
expansivity /compressibility:
» K. R. Rajagopal, M. RiiZi¢ka, and A. R. Srinivasa. On the
Oberbeck—Boussinesq approximation. Math. Models Methods
Appl. Sci., 6(8):1157-1167, 1996



Example — viscous fluids

Internal energy ansatz:

e(p,n) = g(p)n + h(p)

Time derivative:
d 8 d d ohd
e _ogdp _|_g_77_|_ ap
dt 8p dr’” dt  Jp dt

Entropy production:

dn . q 1 ,0h dé
Tidiva == (—-qeVo+Ts:D EALN &
pdt—l-dlv(9 9( qe VO +Ts5:Ds + (ap ap pn—am )

Second law satisfied if:

»0h
q =def —mVG, Ts =det 2,U|D5 ap 8_ — P71 — M =def 0



Viscous fluids — result

do* .
1y = div* v*
* 1 1
p* j‘;* =TI (A*V* + gv*(div* v*)> + o —V*m* + p*b*)
dy* Orer \ dm*
Falop*ct = 3l A*9* + 2I,Ds : D 9+
al2p Cmdt* 3l2 + 21 2Ds 5+< +6diﬁ> a1



Parameter values

Experiment

Water Water Water Glycerol Mercury
M 240x107° 764x107% 155x1072 1.68x102 1.82x103
M 217 x1071 384x1072 139x10~° 7.48x1073 270x10°°
rs 6.68 x 107 6.68 x 107 1.01 x 10° 1.15 x 103 3.16 x 107
A 2.19 x 109 1.23 x 1010 318 x 10!  3.91 x 108 2.89 x 1010
Ra 1.5 x 102 4.8 x 103 2.3 x 1010 4.5 x 107 3.4 x 107
Pr 7.1 7.1 4.4 2.5 x 103 2.5 x 1072
Re 4.6 2.6 x 10! 7.2 x 10* 1.3 x 102 3.7 x 10*

Table: Dimensionless parameters in some experiments with viscous fluids.



Viscoelastic fluids — Maxwell model

Mechanical analogue:
» Spring — energy storage.
» Dashpot — energy dissipation.
Problems:
» Distribution of the deformation between the elements (spring,
dashpot).
» Three dimensional model. (Galilean invariance.)

> Meets laws of thermodynamics. (No perpetual motion.)



Notion of natural configuration

reference configuration

current configuration

clasic response

-

h = ¢ (TrBye — 1) + H(det Fyc)

dissipative response

[

TrDgy = 0
¢ = 2 [FxcDpy|*

natural configuration

Problem:
» Distribution of the deformation between the dissipative and
elastic response. (Condition ' = FxcFry is not enough
restrictive.)



Evolution equation for the elastic response

Evolution of the elastic response:

dBnc
de

= LBnc + Bncl " — 2FneDraF e

Oldroyd upper convected derivative:

v dA
A=gof — —LA—ALT.
def dt

Evolution equation for the elastic response:

7 T
Bne = —2F neDrnl e



Evolution equation for the internal energy
Internal energy ansatz:
= g(p)n + h(11 (Bxc) , T2 (Bne) , det Fxce)
Evolution equation for the internal energy:
de dgdp dn  ohdly 9hdi oh d
—_———t detF
dt 8p dt nte dt a|1 dt * Jl, dt + Odet Fnc dt( etfxo)

Useful identities:

d
d_ (det [FNC) =detlnc (Tr D—Tr DRN)

h _ dB h
0 Oh L dBxc 0

o, dt 2aT1 (BNG :D—Tr (FNC[DRN[FITIC)>




Evolution equation for the entropy

Evolution equation for the entropy:

pH% = —dva+ (Wa - QPS—TFI([BNC)(s) - Ds
+ 2/)2—?1 Tr (FacDrnF o)
+ <—aﬂad%gm detfFnc — pn—am — gpag—{l Tr [BNC) %
+ Pﬁ (det Fxc) Tr Dry



Refinement of constitutive assumptions
“Solid” part is a compressible neo-Hookean elastic solid:

77('[1, >, det ”'_NC) —def C1 (Tl —3) + H(det ”'_NC)
“Fluid” part is incompressible:
TrDrN =def O

Fourier's law:
q =def —kVo

Cauchy stress tensor:

oh
Ts =def 20— (Bne)s
ol

Entropy:

oh 2 0h
—pn—am— —Poéa— TrBNe =det 0

2
ar 8p 3



Entropy production

Entropy production:

Vo)
0

Oh
¢ = 2pa_T Tr (lFNCIDRNIFI—lI—C) + K
1



Entropy production

Entropy production:

Vo)
0

oh
¢ = 2/)7 TI’ (IFNCIDRNIFI—EC) + K
ol
Constitutive assumption:
S =det 21 |FncDry|?
Maximization procedure leads to:

p Oh —
FneDrnFre = &= = (Bnc — M
NOTRNTNG 7718I1(N )
Recall:
v T
Bne = —2F neDrnl e



Generalized Maxwell model

Introduce notation:

_ 1 _
S =aet pp1 (Bne — Al)  p =der m+ ppia <§ TrBne — )\)
Generalized Maxwell model:

T=-pl+S
d\

v _ _ 2 _
ER <1 v divv> S = 29 ADs + SmA (divv) [ ==

pH1 0



Viscoelastic fluids — result

dv*

1dt* = div* v*
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Parameter values

Parameter Definition Value
Pr 1ot 4.0 x 102
Pref kref ’
Ra Pret80retOaits ohar 5.6 x 10%
Kref M1, ref ’
A1 QrerOdift 1.4 x 1072
A2 Tref 1.5x 1074
tehar
n 12
/\3 1,refchar 5.1 x 10—1

Fref Ottt ar

Table: Dimensionless parameters for
convection in the Earth's mantle.



Conclusion

» Thermodynamically consistent model for mechanically
incompressible Maxwell type fluids that are thermally
compressible or expansible.

> ldentification of the full system of the governing equations.
(No Oberbeck—Boussinesq type approximation.)

» Discussion of the validity of the Oberbeck—Boussinesq type
approximation in experiments/real problems involving
viscoelastic fluids.

V. Priga and K. R. Rajagopal. On models for viscoelastic materials
that are mechanically incompressible and thermally compressible or
expansible and their Oberbeck—Boussinesq type approximations.
Math. Models Meth. Appl. Sci., 23(10):1761-1794, 2013
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