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Variational formulation

Activated processes

@ In the non-regularized Dieterich ruina slid.law., the slip velocity & was always
nonzero.

@ Regularized D.-R. required certain "if" condition (|u| > 0)
@ It is possible to reformulate the whole problem as a certain variational principle

@ Presence of the yield (activation) condition — non-smoothness of the
"potentials"
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Variational formulation

First order optimality conditions for a convex (non-smooth)
function

@ Subdifferential of a convex function Of
Of(x) :=={x" € X*;Vy € X : f(x) + {(x",y — x) < f(y)}

@ First-order optimality conditions
"Smooth" (differentiable case) Non-differentiable case

df(x) =0 0 € 0f(x)

Example:
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Variational formulation

Motivation example - a simple model of rate independent
friction

(t)
—— 0 e L -2y

R(%) = oulz] = const

@ We define the material by specifying the way it

@ stores energy £
o dissipates energy R

@ Consider a simple model £ = £(t,u,z) R =7R(z)

@ Let the dissipation potential be positive 1-homogeneous:
YA >0,Vz: R(Az) = \R(2)
@ This implies (0;:R(z2), z) = R(z)

@ Analogy with the classical irreversible thermodynamics: rate of entropy production
~ > XiJi — 0:R is the thermodynamic force associated with the flux z.
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Variational formulation

Motivation example - a simple model of rate independent
friction

®
——— ¢ Ly -y

1 R(2) = opl2] 1 = const
@ Define "Lagrangian" L(t,u,z,z2) := %E(t, u,z) + R(z)
@ Evolution corresponds to the following variational problem: minimize £
. d .
L(t,u,z,z) = Eé‘(t, u,z) + R(z)
Ei(t,u, 2) + (Eu(t, u,2), i) + (EL(t, u, 2), 2) + R(2)

@ First-order optimality conditions:

0 = &(tu,z) "minimum energy principle”

0 € &.(t,u,z)+0:R(z) "minimum dissipation potential principle”
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Variational formulation

Relation with the "maximum-rate-of-entropy-production
principle"

(t)
———— - Lrn -1

R(:)=oulz| H= const

@ Define f:= —&(t,u, z)
@ "Flow rule" for z: 0 € —f+ 9:R

Vv,Vw € ORs(v) : (w—f,v—2)>0
@ In particular, for v =0: Vw € 9R:(0) : (w—f,2z) <0

(f,z) = max (w,z) "maximum entropy dissipation principle”
w€EIR;(0)
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Variational formulation

Variational reformulation of the rate-and-state evolution

@ Motivation:
@ The state- dependence of the friction law and the state evolution lack sufficient
thermodynamic reasoning
@ Natural question: Does some of the rate-and-state friction laws correspond to
certain dissipation potentials?

@ We confine ourselves to the regularized Dieterich-Ruina sliding law:

wt) = Mo—i—AIn(\Y:O%\C((%)—l—BIn(l—FH(t)V”bi_CVO)
o) = 1—9(1‘)\/0%2/“)

@ Can we find £, R, s.t.:

0 € 805+89‘R
0 € 0-£+0:R

(Geodynamical seminar) Friction as an activated process 30.11.2011

6/ 19



Variational formulation

Variational reformulation of the rate-and-state evolution

3H0(t—t0) =)’

E(t,m,0) =
R1(6,7,60) =
n

Ra(%,6) =
4
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Variational formulation

Variational reformulation of the rate-and-state evolution

1
E(t,m,0) = Ek(VPI(t—to)—w)z—raG
. Ve Voo — Vi
R1(0,7,0) = 0<,uo+AIn (—") +BIn <1+9L°)>|7+\
Voo D¢
) Vo6 Vo6 .
L 0 (L_;l) i) + 2%
D¢ \ D¢ D¢
Ra(#0) = s {in (1+U>(vo+|fr\) (Hu)(vww)}
1 ; . G >
+ -k 9+—\7r| +—7r
2 D¢ 43
. Vo + |7
0 = ,gﬂ
D¢
G Vo+|7| ( oo — Vo
k(V, (t—to)—T) — — 7 € o +Aln +Bln 1+97> O |7
(Vpi(t—to)—) 28 <Mo (Voo+|7'r\ De o |7
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Variational reformulation of the rate-and-state evolution

E(t,m,0) =

R1(6,%,6) =

+

Ra(7,0) =

+

6 =
G .

k(VP,(t—to)—ﬂ') — %ﬂ' =
G .

k(Vpy(t—to)—m) — gﬂ’ <

k(Vp(t—to)+m) — ﬁfr =
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Variational formulation

Numerics

@ Numerically, the variational problem was implemented via a semi-implicit
discretization in time:

@ First, we discretized the two variational inclusions as follows

1 ﬂ_k—l _ 71_!(—2 ek o ek—l

k k—1 gk k k—1
0 € BE(t",m 5 0%) + R(" 0 e )
kiﬂ_k—l ekiek—l

Atk 7 Atk )

0 € 9:E(t5 7% 05 + 9:R(t nh 10k T
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Variational formulation

Numerics

@ Numerically, the variational problem was implemented via a semi-implicit
discretization in time:

@ First, we discretized the two variational inclusions as follows

1 ﬂ_k—l _ 71_!(—2 ek o ek—l

0 € 9pE(tF, 77105 + 9y R(t*, "1, 0571, AT A )

1 7'|'k _ 7I_/(—1 0/( o ek—l

k _k pk . k _k—1
0 € awg(t , T ,9 )+67rR(t , T 70 ) Atk ’ Atk )

@ This can be equivalently reformulated as

7Tk71 _ 7,l_k72 ek _ 01(71

Atk=1 7 Atk )
k—1 01(_0/(71

minimizegkf(tk, P 0") + Atk”R(tk, kTt gkt

k
k—1 6"71 T -7
)

minimizeﬁkE(tk,Trk,Ok)+Atk7€(tk,7r ST T Ak )
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Variational formulation

Numerics - results

264007
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Variational formulation

Numerics - results

2e+007

u[m]

w B U o =
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Variational formulation

Numerics - results
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Variational formulation

Numerics - results
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Variational formulation

Numerics - results

@ Comparison with the regularized Dieterich-Ruina model computed using the

Runge-Kutta integrator and the stopping criterion

T T T T
'activprocess.V.dat’
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Variational formulation

Advantages of the variational formulation

@ Variational form gives us some insight into the dissipative mechanisms involved,
i.e. a good starting point for further generalizations.

@ Rigorous mathematical analysis concerning convergence of the solutions of the
discrete problems is achievable for a certain class of models (prof. Roubicek).
@ Generalizations for a complex fault structure is straightforward
o £ — fQS dx (difficulty only here - nonlocal terms - via elastic Green
functions)
e R — fQR dx (locality of R - simple "sum" of the dissipative
contributions over space)
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Interpretation of the variational Dieterich-Ruina sliding law

Vo (t —to)
w(t). -

SHVia(t=t0) -)?

SNUTEEE S A ]G

£(t,m0) = %k(VP/(t—to)—ﬂ')z—lfﬁ

@ The term —k6 can be interpreted as the potential energy of the penetration of the
surfaces.
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Interpretation of the variational Dieterich-Ruina sliding law
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Variational formulation

Interpretation of the variational Dieterich-Ruina sliding law

@ Non-negativity of the dissipation rate?
@ Are 6 and 7 thermodynamically independent?

R1(6,7,0) =
+
Ra(#,0) =
+

R1+Rg
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Interpretation of the variational Dieterich-Ruina sliding law

@ Non-negativity of the rate-of-dissipation?

(0#(Ra + Ra), ©) + (9;(Ra + R2), )

Vo+\7'f|> ( Voo—Vo)> .
= Al Bl 1+6
”<“°+ "<voo+|7'r\ FBIn (105 ) ) 17
e ) Vo
0+ — — ( OV, — =1
* <+Dc> +KD ( u+|ﬂ‘( Dc ))
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Interpretation of the variational Dieterich-Ruina sliding law

@ Non-negativity of the rate-of-dissipation?

(0#(Ra + Ra), ©) + (9;(Ra + R2), )

Vo+\7'f|> ( Voo—Vo)> .
= Al Bl 1+6
”<“°+ "<voo Ay ) B (M5 ) ) A
0|7| 0
+ 6+ 1 +m— GV0+|7r\ —71
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(Geodynamical seminar) Friction as an activated process 30.11.2011 15 / 19



Variational formulation

Interpretation of the variational Dieterich-Ruina sliding law

@ Non-negativity of the rate-of-dissipation?

(0#(Ra + Ra), ©) + (9;(Ra + R2), )

Vo+|7| ) ( Voo—Vo)> .
= o +A|n< - +BlIn (140 T
<“° Voo 7] Dc 7!

NI A [0V
0+ — — ( OV, — =1
* K<+Dc> JFKDC< °+|ﬂ‘(Dc ))

@ Not: |7| =0:

(0#(Ra + Ra), ) + (93(Ra + Ra), ) = rb (é * %)

. . . 6Vo 0Vo \ 2
95(R R2),0 =0,0 =— = —
(95 (R + Ra), >(7T ’ 2Dc> R(2Dc>
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Interpretation of the variational Dieterich-Ruina sliding law

@ Non-negativity of the rate-of-dissipation during the evolution?

_ 9‘7."| + Vo
D¢

=1

(0% (R1 + R2), ) + (94(R1 + Rz2), 9)

: Vo+|7| Voo — Vo .
= n0+a< +A|n< - >+B|n 1+6 T
Ho Voot |7 Dec 7]
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Variational formulation

Interpretation of the variational Dieterich-Ruina sliding law

@ Non-negativity of the rate-of-dissipation during the evolution?

_ 9‘7."| + Vo
D¢

=1

(0% (R1 + R2), ) + (94(R1 + Rz2), 9)

. V( T Voo — V4
- wito <HO+A|n (L’TD +Bln <1+000TO)> 7l
C

Voo +|7

Vo+|7'r|> ( VOO—V(,) K > .
> 0 +Aln|{ ——— ) +BIn (14— | ———
> Kk +U<p,o n(Voo-HT'FI n De Voo |7|

@ — Necessary condition for "stability":

Vo
0< k< Voo (po+AlIn| —
Voo
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Interpretation of the variational Dieterich-Ruina sliding law

@ Independence of the dissipation mechanisms for 6, 7?
@ Let's inspect the two dissipative contributions
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Interpretation of the variational Dieterich-Ruina sliding law

@ Independence of the dissipation mechanisms for 6, 7?
@ Let's inspect the two dissipative contributions

(9y(R1 + R2).0) (05(R1 + Ry). %)
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o

2 dphrdt i dph/dt

@ The lack of separate non-negativity of both contributions suggests that they are
not independent dissipative mechanisms.
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Variational formulation

Interpretation of the variational Dieterich-Ruina sliding law -
SUMMARY

@ We were able to identify the stored energy £ and the dissipation (pseudo)potential
‘R corresponding to the regularized Dieterich-Ruina model

@ The state variable 6 was interpreted in terms of the penetration depth of the
contact.

@ Assuming independence of the dissipative mechanisms for 6, m, the dissipative
potentials don't fit the modern thermodynamic viewpoint- we can not ensure
non-negativity of the particular dissipations (9;(R1+R2),7), (9;(R1+R2),6),
nor their sum.

@ This suggests that we should try to modify the dissipative potentials in order to
still capture the essential dynamics, and simultaneously provide a clear
thermodynamic view of the dissipative mechanisms involved.
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Variational formulation

Thank you for your attention!
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